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SA1l Redefinitions and unbiasedness

Henceforth, we denote the regressor matrix by X. Define the full-sample annihilation matrix

-1

M=1I,-X(X'X) X,

with i** diagonal element M;;. Leave-one-out algebra implies

]GH
Therefore, for the KSS estimator 62
. 1
E [O‘ZQ|X] = M E[( Z Mijej) (1‘;«9 + 61') |X:|
JEH
= M"Y MyE [eie;|X]
JEH

_ 2

2

Thus, the variance estimator 7 is conditionally unbiased.

Define the split-sample annihilation matrices
-1
M?-Li = IIHZI - X?-li (X’;-[ZXHz) X;-Lz

based only on regressors Xy, included in #;, with (4, §) element My, ;5. Leave-one-out algebra

implies

Z My, ije;.

JEH;

67{1’72 =
Hl,zz

Denote, for ¢ € H; and k € H_,,
—1
M'Hfi,ik = _x'lb (X'/H,ZXH—z) Lk-

Then, for the CF estimator &2,

E[52Xx] = MH |:(ZMHZ”6])<€Z 3 MH_i,,-kek)yX]

JEH; keH_;

= Myl Y My B lejes| X]+ Myl > >~ Mag My E [ejer| X]
JEH; JEH keH _;
= M

H“”MH wE [e7]X] +0

_ 2
= oj.



2

Thus, the variance estimator ¢; is conditionally unbiased.

For the CF variance product estimator w;;, similar notation for annihilator matrices is extended to

subsamples H; _jy, H(_i ), H(l_iy_j) and ’H%

_i—j)» together with the leave-one-out and regular OLS

residual identities. Then, the expectation IE[MH“. _j),iiMH(_ij),ijbij]X] equals

E Z MH(i,—j)vikek Z My, ;) .5v€p
keH (5,—5) PEH(—i5)

x| e; + M -e)(e‘—i- M2 ~e)X
( E lz: Hii—jyta 1)\ ; Hii—jy " |
€M i _j) re€H_i—j)
- Z Z Maq kM, 5 pEleiejerep| X]
keH i,—5) PEH (i 5)

+ > ) Do My inMa gy ipMu, ) rEleiereper| X]

k€M (i,—j) PEH (i) TEHT_, )

t Z Z Z MH@,?]‘)JkMH(fi,j),ijHFi’,j),in[ejekepeq\X]
k€M (i,—j) PEH (—ij) a€H_,
+ Z Z Z Z Maq, gy ikt gy oMty iaMu ) grElerepeqer| X1
keH (i, —j) PEH (—i5) a€H | reH?

(—i,—7) (—i,—%)
- MH(L*J’)viiMH(—i,j),ij[ezze?’X] +0+0+4+0

= My, iMyu ;) .5wij;

so E[w;;| X] = w;j. Thus, the variance product estimator w;; is conditionally unbiased.



SA2 Optimal sample splitting

Towards the goal of finding the optimal split to the index sets H; and H_;, compute the conditional

variance of &2-2:

2 2
M avar (H1X) = E| (Maaeit 3 Muies) (it 30 Mo wer) ‘X] - A !
JEH; keH _;
J#
(M% €2+ (Tjens Maije;)” + 2Mag, ies Y jen, MH,-,ijej)
= [E JFi j#i
| X (e% + (Zke?—[,i M?-Li,ikek) + 2€z Zke?—[ M’H Mkek) |X
- M?Q-Li,iﬂ?
2 2 ]
M3, siei + (Xjen, gz Mriies) (Lren_, M ikek)
+4Myy, i} ( Eje?—[i,j;éi MHi,z‘jej) ( DokeH M?-Li,ik:ek)
2 2
) +612(Zj€%,j7éi MHiaijej) + M?Q-ti,iiezz(ZkGH,i MH,i,ikek)
+2¢] (MHiv“' Zje?-li,j# My, ijej + M92-zm D keH_; M?-{,_i,ikek)
2
+2e ( Zje?—[i,j;éi MHi,ijej) ( Zkeﬁ,i MH,i,ikek)
2
+ 2Mag, ii€i (2 jers jori Miiij€s) (Dner , Ma_siner) | X
2 4
— M, 4404
2 4
= M?-Li,ii (Ki - Uz’) + ( Z ?—ng ])( Z M’H ,,zkak)
JEM,jF#i keH_;
2 2 2 2 2 2
o ( Z MHMJ‘UJ' + MHi,z'i Z M?-Li,ikak>a
JEH i heH:

exploiting conditional independence across H; and H_;. Here, k; = E[e}| X]. Then,

var(&?!X) = mi—af ( Z MHM] J>( Z MH Mkak)

7"“” JEH,F#1 keH_;
o} 2 2 2 2 2
3
+ (> M gor M Y MH_,-,ikUk)-
Hisit ~ jeH,; j4i keH_;

Suppose heteroskedasticity is bounded: g2 < 0]2- < &2 for all j € H. Then,

Z M"Hmj— Z M’H“ Sa Z M72'ii7ij

JGHmJ#Z JEH;,jF1 JEH,jF1

and similarly,

o’ Z M < Z M3, woi <7 Z M3, i

keH_; keH_; keH _;



Further note that .5, ., M%M] = My, ii (1 — My, i) and 3 2y cqy M%,Mk =1— My,
When m = o(min{|#;|, |[H—i|}), we have My, ;; = 14+0(1), My, 3i (1 — My, i) = o(1), 1= My, ;i =
o (1), and hence
var (&3’X) — (ki — ‘7@4) = 01'2( Z M%Li,ij%z + Z M72-l_i,z‘k01%> (1+0(1)),
JEH; keH_;
which, apart from the multiplicative factor that asymptotically does not depend on the sample split,

equals

(1= M) + (1 — My, i) -

This quantity depends on the whole regressor set. Averaged over corresponding subsamples, however,

this quantity equals

1 1 m (1 1
ET Z (1 = My, ) + ol Z (1—My_,u) = ] ( + ) ;

1 —m.
i€EH,; i€EH_; i i

where 7; = |H;|/[H|, and is minimized on [0,1] at 7; = 1. The same result obtains if instead
one relies on unconditional expectations, in which case, asymptotically, E[1 — My, ;] < m/|H;| and

E[1— My i) =m/|H_|.



SA3 Algorithm for efficient four-splitting

The four-split estimator w;; requires four random subsamples with an additional restriction placed
on which subsamples the indices ¢ and j belong to. Specifically, splitting the full sample randomly
into four subsamples may produce a subsample that contains both i** and j** observations, which
violates the sample split restriction H = H; _j UH_; ;) U H%—z’,—j) U H%—i,—j)’ Below, we describe a
simple algorithm that always produces random subsamples satisfying this restriction. The algorithm
is efficient in a sense that for all pairs (4, j), it requires only one split, and computes an inverse matrix
for each subsample only once. When observations ¢ and j belong to the same subsample, we randomly

swap observation j with observation ¢ from another subsample, and recompute the matrices using the

Woodbury rank-2 update. This strategy avoids expensive computation of inverses separately for each
(i, 5)-
1. Randomly split H into sets Hy, for k = 1,...,4, each with size |[n/4].

2. For each k =1,...,4, compute X}, := (ZzG’Hk xix;)_l. Then...

(i) ...if the collection of sets {Hj,}{_, satisfies the sample split restriction, rename the sets as

Hi,—5) H(—ij)s ’H%ﬁiﬁj), ’H%ﬁiﬁj) depending on whether ¢ or j belongs to the set. Without

a loss of generality, let i € H; and j ¢ Hi, i ¢ Ha and j € Ha, and 4, j ¢ H, for r € {3,4}.

Then, set

Hii—jy = Hi, Higjy=Ha, H{,_j:=Hs, H}, ;=M

—i,—J
Construct residuals corresponding to these sets.

(ii) ...if for some r, we have that i,j € H,, swap j with any randomly selected observation ¢

from another set H,, and rename the sets as H; _;),H(—; ;), H%ﬂ' —jy H?

(—i—3) depending on

whether 7 or j belongs to the set as in (i). Using the Woodbury rank-2 update, recompute
X, for k € {r,p} as

% N — X + er]$;XT X . R X . X(r7_j)$q$:]X(T7_j)
— L ' <7 ) — L — <7 M
(Tv .]) 1 _ w;erj (Tv qu) (Tz .]) 1 + ng(’nij)xq
X = X+ prqxizXP X =X - X(p,—q)évjx;X(p,—q)
(p—q) "= “p 1 ' Xz (P=a,3) = *(p,—9q) 1 X o
— TgApTq + T3 X (p,—q) 5



and update

Y(r,—jq) = Z TilYi + Tql¥q,  Y(p,—qj) T Z TiYi + T5Y;-
i€ o i i€ty itq

Now, use (X(r,—jq), U(r—j,q)) to construct residuals corresponding to the set H; _;), use

(X(p,_w),yj(p?_q, ) to construct residuals corresponding to the set H(_;;), and use the
remaining two unaltered sets to construct residuals corresponding to sets H

H?

i,—3)

(i) and

3. If desired, construct the estimator £ > 1 times by repeating steps 1 and 2, and take an average.



SA4 Parameter-invariant test for many restrictions

The test statistic for many restrictions of Anatolyev and Sglvsten (2023) has the form
F—Er
‘/1/2

)

which is based on the conventional F-statistic F, an unbiased estimate E]-‘ of its conditional expec-
tation E [F|X] =Y | Bjo? for certain observed quantities Bj;, and an unbiased estimate Vr of the
conditional variance of the difference F — Ez. Anatolyev and Sglvsten (2023) use the leave-one-out
individual variance estimates, previously referred to as KSS, to construct E =, and leave-three-out esti-
mates for the pairwise variance products w;; to construct Vr. The term Er that uses KSS estimates,
is not parameter-invariant, and the expression for Vr (see Anatolyev and Sglvsten 2023, formula
(12)) contains two convoluted terms, both of which are not parameter-invariant, both explicitly (via
dependence of the conditional variance) and implicitly (via dependence of leave-out estimates).

In what follows, we show how to construct the test for many restrictions that is parameter-invariant.

The test statistic has the similar form

o

F—Er

T
where both the unbiased estimate Er of its conditional expectation E [F|X] and the unbiased estimate
YO/; of the variance of the difference F — E; are parameter-invariant. To estimate the conditional

expectation E [F|X], one uses the CF estimates 5’1-2 based on an arbitrary sample split H = H1 U Ha.
Thus,

E; = ZBMO'

is conditionally unbiased for E [F|X] and is parameter-invariant. The difference F — Ex then equals

Z Z Bijeiej — Z ( Z MHI:U€J> (€z Z Mm,m%)

i€H jeH i€H My i keHo
—_ Z M ( Z MH272]6J> <€7, Z MHl zkek)
Ho it N | ke,
= Z Z Bw’eiej + Z > Bijeiej+ D > Bieiej + ) > Bijeie;
1€H1 JEH 1€H2 jJEH2 1€H1 JEH2 1€H2 JEH
My, i M3y, i
Y Y A,y p s,
1€H1 JEH 1€EH2 JEH2 HQ’”
= ) Cigeiej+ Z Chijeies + > (Dagj+ Duji) eie,
1£jEH 1#jEH2 1€H1 jEH?



where C ;; = B;j— Bii My i; /My i and D ;; = B;; _Zse?{g Bgs My sj My i/ My s for ¢ € {1,2}
and H_. = H\H.. Consequently, the conditional variance of F — EQ]-‘ equals
UCLT’(]: — E’;]X) =2 Z C’fijwij + 2 Z C%Uwij + Z Z (Daj + Dl,ji)Z Wij-
i#jEHL i#£jEH2 i€H1 jEH
Note that, in contrast to var (.7-" —E 7| X ) in the AS test, this expression contains only terms related to
products of individual variances, and does not involve objects that explicitly depend on the parameter
B, unlike the second term in Anatolyev and Sglvsten (2023, formula (9)). The estimation of each
product w;; by w;; leads to the unbiased estimate ‘O/]-‘ of var (]—" — EQ;|X ), Viz.,
Ve =2 Z Cfijdbij +2 Z Cg’ijbt)ij + Z Z (Daij + Dy ji)? Qij.
1#jEH 1#jEH2 1€H1 jEH2

Importantly, all parts of f/]: are parameter-invariant.

Algorithmically, for the first two “within-subsample” terms, split H, = HZ? U H? such that i € H?

and j € H?, and arbitrarily split H_, = H% UHb . Set

. q/a . qyb . q4a
Hi—jy =M Higy=He, Hi, 5 =H

—¢

2
Hii—j)

b
=H..
Given these sets, estimate the product w;; by w;;. For the last “cross-subsample” term, the indexing

is such that 7 € H_. and j € H¢ by construction, hence split further as H, = HZ U ”Hé’ and H_ =
b
HE UH? . Set

Hi—p=H if ieH, Hej:=H] if jeH! ~e{ab}

[

and set H} ) to be the part of H_¢ not used for H

(=i , and set H? ) to be the part of H, not

i,—3) (—i,—j
used for H_; ;.

Finally, note that the a- and b-splits of H. and H_. are arbitrary given that indices ¢ and j belong
to suitable subsamples. Hence, if desired, one may average over these additional splits, similarly to

how one takes averages in computation of &1-2 and w;;. Then the variance estimator is

l
° 1 2 . 2 o 20
Ve=12D (2 X (Cyou),+2 Y (o), + D D ((Daig + Drgi)’ing), )
=1 1£jEH 1£jEH 1€EH1 JEH2
where the additional index [ indicates that computations are performed in the [** split. We conjecture

that such averaging leads to improved precision of the estimator. Moreover, similarly to how it happens

with estimates of individual variances, the averaging over splits increases the likelihood of getting a



positive variance estimate. In the Monte-Carlo experiments with the AS and AS+ tests in Section 5,
Vr takes negative values in up to 30% of cases, depending on the value of 3, while f/f takes positive
values almost always if ¢ is set to a sufficiently large number (we use ¢ = 30).

Computation-wise, the algorithm described in SA3 is extended to the current setting in a straight-

forward way.
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SA5 More simulation evidence

We have also experimented with the individual variance estimators with some non-normal covariate
distributions such as Bernoulli, lognormal, and Pareto. The rejection rate patterns stay similar to
those reported in Table 2 in the main text, but the proportions of negative definite variance estimators
from the use of KSS increases when the covariate distribution is lognormal (to up to 40%) or Pareto
(to up to 45%), though demeaning in KSS+ decreases these figures (to about 20% and about 30%,
respectively). The corresponding figures in all cases are virtually zero for CJN/CJN+, and zero by

construction for CF.
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