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Abstract

This paper introduces an estimator for quadratic forms based on the linear param-
eters of a semi-parametric model. The leading example is the workhorse model
of wage determination by Abowd, Kramarz, and Margolis (1999, AKM): our esti-
mator targets standard variance components while allowing for a nonparametric
treatment of both worker- and firm-level observable characteristics. We propose a
bias-corrected estimator robust to heteroskedasticity that controls for approximating
functions of the covariates. We show that this estimator is asymptotically unbiased
and consistent when the number of linear parameters (e.g. the AKM fixed effects) is
proportional to the sample size. In particular, consistency hinges on a strengthened
smoothness condition (which we discuss for the first time) on the nonparametric
component’s functional class. In an empirical application, we show that adding a
rich set of controls to the standard AKM model yields implausibly large firm effects.
Our method addresses this issue, yielding estimates of variance components that are
more robust relative to conventional approaches. Confounding—not functional-form
choice—drives the standard model’s instability.
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1. Introduction

Why do some firms pay more than others, and how much of wage dispersion reflects
workers, firms, or sorting? With linked employer—employee data, the AKM framework
(Abowd, Kramarz, and Margolis 1999) is the workhorse reduced-form application for
answering this question. Yet, standard plug-in variance-component estimators rely on
linear covariate effects and can be biased under heteroskedasticity or limited mobility (An-
drews et al. 2008; Kline, Saggio, and Selvsten 2020; Cattaneo, Jansson, and Newey 2018b;
Jochmans 2022). Modern applications feature many covariates and high-dimensional
fixed effects; theory and evidence point to nonlinear wage profiles and worker—firm
complementarities (Bonhomme, Lamadon, and Manresa 2019), so linear additivity—and
common low-order fixes like cubic age profiles—can be a strong and potentially mis-
specified restriction, especially when several covariates are nonlinear (Mincer 1974; Card
et al. 2018). This raises a question: how should one flexibly partial out many observables
in AKM, and—once that is done correctly—how much wage variance is attributed to
workers, firms, and sorting?

This paper develops estimation and inference for variance components (quadratic
forms) when covariates enter the model through an unspecified function. In particular,
we extend the familiar plug-in approach by Kline, Saggio, and Selvsten (2020) based on a
leave-one-out, bias-corrected estimator that is robust to arbitrary heteroskedasticity and to
designs with many fixed effects. Our estimator further controls for a rich set of basis terms
meant to approximate the actual effect of observed covariates. We establish consistency
as the number of basis terms and fixed effects grow, and a chi-square limit under fixed
rank, under a strengthened smoothness condition. Furthermore, we show asymptotic
normality in the growing rank case. Simulations show a negligible bias. Empirically, after
flexibly controlling for rich worker and firm observables, the AKM variance components
are stable and align with benchmark ranges in the literature (Bonhomme et al. 2023).
While there is semiparametric theory for estimators of linear functionals with growing
bases, we are not aware of a framework that delivers validity for variance-component
estimators when covariates enter through an unspecified function. Our results fill this
gap by giving conditions under which variance components are consistently estimated
and by characterizing their large-sample distributions.

We develop asymptotic results tailored to modern designs. Consistency holds when
both the number of basis terms used to approximate the covariate effect and the number
of fixed effects grow with the sample. For fixed-rank quadratic forms (e.g., testing a few
linear contrasts of fixed effects), the statistic has a chi-square limit; for growing rank
(e.g., analysis of variance across many groups), a Gaussian approximation applies. A key
message is that quadratic targets are more demanding than linear ones: to control the
approximation bias from the flexible covariate effect, we require a stronger smoothness
condition than is standard for slope functionals. Moreover, the estimator scales to large
datasets. A random-projection implementation approximates the leverage and influence
quantities that enter the correction with negligible loss of accuracy, making high-order



interactions and large panels computationally feasible.

Our work connects two strands of literature. On the “many regressors” side, we
complement results on inference with many covariates and robust variance estimation
(Cattaneo, Jansson, and Newey 2018b; Anatolyev 2012; Anatolyev and Selvsten 2023), and
connect to leave-one-out corrections and variance-component estimation in linear models
(Kline, Saggio, and Selvsten 2020; Jochmans 2022). On the semiparametric side, we build
on series estimators with growing bases (Donald and Newey 1994; Cattaneo, Jansson,
and Newey 2018a), showing that quadratic targets require stronger smoothness than
slope functionals, and relate our asymptotics to many-instruments and small-bandwidth
regimes (Hansen, Hausman, and Newey 2008; Cattaneo, Crump, and Jansson 2014). We
also discuss an alternative kernel-based construction that fits naturally within the same
leave-one-out logic (Cattaneo, Crump, and Jansson 2014).

We show the finite-sample behavior of our estimation through simulations. When
the true covariate effect is nonlinear, the plug-in estimator exhibits non-negligible bias
that can be amplified by heteroskedasticity and many fixed effects. The leave-one-out
correction removes this bias across a range of designs, with accurate coverage for the
proposed standard errors.

Finally, we revisit the AKM wage decomposition using linked employer—employee
data with rich worker and firm observables. The allocation of variance matters because
firm premia correlate with productivity, capital intensity, and downsizing or outsourcing
policies (Card, Heining, and Kline 2013; Goldschmidt and Schmieder 2017; Bertheau
et al. 2023). Benchmarks in the literature place the firm component around 15-25%,
while recent bias-corrected methods suggest 5-16% (Bonhomme et al. 2023). In our
data, once covariates are flexibly partialled out and the quadratic-form plug-in bias is
corrected, the variance components are stable across specifications and lie within the
bias-corrected range. By contrast, a linear AKM with the same rich controls inflates the
tirm-effect variance. This contrast points to confounding from linear additivity—rather
than economically meaningful nonlinearities in pay setting—as the source of instability.
Allowing firm-specific, potentially nonlinear pay schedules in observed traits does not
reallocate variance away from the additive worker and firm premia, indicating that such

heterogeneity is second-order at the variance-decomposition margin in this sample.

Outline. The remainder of the paper is organized as follows. Section 2 introduces the
semiparametric model and formalizes the variance component targets. Section 3 de-
rives the estimator and its finite-sample representation. Section 4 establishes consistency
and limiting distributions under fixed and growing ranks, and discusses the strength-
ened smoothness condition. Section 5 presents the random projection approximation.
Section 6 derives the limiting distribution of our proposed estimator. Section 7 reports
our simulation exercise, while Section 8 illustrates an empirical application on linked
employer-employee data. Section 9 concludes.



2. Setup

We consider the following semiparametric model,

yi=xiB+f(z)+e, i=1,...,n, (1)

where the regressors x; € R?, z; € R? are non-random. The unknown function f(z)
belongs to the class of smooth and real-valued functions, f € F. The unobserved errors
{ei}!_, are mutually independent and obey E[e;] = 0, but may possess observation-
specific variances E[e?] = o?.

Our object of interest is a quadratic form 6 := B’ AB for some known non-random
symmetric matrix A € IRP*? of rank r. This is a quantity of interest in a wide range of

economic applications: two key examples are summarized next.

Example 1 (Generalized analysis of variance). We discuss a particular example of the
generalized analysis of covariance model where our results allow for unspecified func-
tional relationship between the exogenous covariates and the outcome variable. Consider
having observations arranged into N groups with T, observations in the g-th group. Since
Fisher (1928) originally introduced the analysis of variance methodology, it has been
common since to assume the following model:

ygt:ocg+z/gt(5+sgt, g=1...,N, t=1,...,T,

where &, are group-specific fixed effects, and zg; is a vector of exogenous covariates. The
focus here is the variability in the outcome variable attributable to groups, or
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with n := Zi,\jzl Ty, and & :=n! Z?:l Teaq. Our approach relaxes the linearity assump-
tion on covariates and instead assumes any form of unspecified functional dependence,
that is

Yor = 0g + f(2zgt) + €1, fE€F, ¢§=1,...,N, t=1,...,T,.

We can represent it as in (1), defining i := i(g, t) with i(-, -) being a bijective function,

Vi i=Ygt, Zi '= Zgr and ¢; := gy,
xi:=d;, B:=(ay,...,an), di:=1{g=1},...,1{g=N}).

Our object of interest 02 can be represented here as f'AB, with

ALA; O 1 . I .
A= "1 , Ay=—(d1—4d,...,dy—d), d:=-Y d,.
( 0 o) a ﬁ(l ) )

Example 2 (Generalized AKM). Our second and leading example is a classic wage



decomposition model proposed in Abowd, Kramarz, and Margolis (1999). It models the
log wage determination as an additive function of worker fixed effects, firm fixed effects,

and a linear function of strictly exogenous covariates. Specifically,
Ygt = ag + Yjion 20 +eg, §=1,...,N, t=1,..., T,

Here, ag and ¢;(, ;) capture the gth worker and jth firm unobserved heterogeneity com-
ponent respectively, and zg; is a vector of exogenous regressors. The bijective function
jl) {1, N} x{1,...,maxg Tg} — {0,...,]} mapsn = Zi,\lzl T, person-year obser-
vations to one of | + 1 firms. One of the model’s objectives is to quantify how much of the
variability in log wages is determined by firms,

1
n

where ¢ = % 2;\]:1 ZtTi 1 Pj(gr)- Given the empirical evidence that the relationship between
the explanatory worker characteristics and the log wage is nonlinear (Mincer 1974; Card
et al. 2018), the dominance of worker and firm fixed effects might partially stem from the
functional linear restriction on the exogenous covariates. Our methodology allows for
more plausible unspecified functional dependence between the outcome variable and

regressors, that is,
Ygt = &g + Pi(er) + flzgt) +egt, f€F, g=1,...,N, t=1,...,T,.

This formulation allows, for example, to capture rich patterns of non-linear interaction
between both worker-level and firm-level characteristics, which possibly vary across
observed groups in the population.

Given that the common covariates z¢; and the firm assignments j(-, -) obey a strict

exogeneity condition, we can rewrite the equation above as in (1) with

=, ), B:=( ¢, a:=(ar,...,an) + 1o, ¥ = (¥1,...,95)" — L,

defining y;, z;, and ¢; as in Example 1, and h; := (1{j(g,t) = 1},...,1{j(g,t) =J})". The
parameter of interest 0'1% then can be rewritten as g’ Ay 8 with

0 0 O
1 _ _ 1

Ay:=10 AA, Of, Ah::ﬁ(hl—h,...,hn— Ezhl
0 0 O i=1

3. Finite-sample properties

From now on, we restrict the analysis to model (1). To derive an estimator of 8, one must
regress y; on x; and functions of z;. To this end, let p!(z), ..., p*(z) be some approximating



functions, and let px(z) := (p'(z),...,p"(z)) € R* be a vector of covariates py(z;) aimed
at approximating f(z;). We assume that the class of functions F to which f belongs can
be well approximated by linear combinations of elements in pj(z;).

Define M;; as a (i, j)th element of M := I, — P (P{P) ' P, with

Py = (pr(z1), ..., pr(zn)) € Rk

and let the partialed-out design matrix Sy, := Y/, 2}1:1 Mijxix; have a full column rank.
Then, the estimator of j is defined as

n

Z Mijxiy]-.
j=1

‘m
Cn
M:

1

I
=

Under some regularity conditions, the bias of j is negligible for large k. Rewrite it as:

Il
—_
.

Il
—_

i=1j=1 z:l j=1

=1
n n n n
:ﬁ+5—122 ixXif (zi) + St Y Y Mijxje; := B+ B+ U.
i=1j=1 i=1j=1
Because of the zero-mean assumption on errors, E[U] = 0 holds, and the bias in the
estimator is reflected in B term only. Under some conditions discussed below,

B =o0(1)

as the number of approximating functions goes to infinity, k — co.
Analogously to the fully parametric setup examined by Kline, Saggio, and Selvsten
(2020), the plug-in estimator of the quadratic form Opy := ﬁ/ AB is biased, because

n
E[fp; — 0] = trace(A varB)) Z Biio?,

i=

where B;; := 2;7 lMl]x]S JAS] Z] 1 Mijx; measures the influence of the ith squared
error el.2 on fpy. In cases when p/n = 0, individual elements B;; are close to zero, and the
bias is negligible. However, with increasing p, the bias is more pronounced and needs to
be accounted for.

We introduce some notation to describe our estimator. Collect x; in a matrix as X :=
(x1,...,x,) € R"P. Then, W := (X, P) € R™ Ptk is a matrix containing full set of
regressors, with individual vectors w;, and W = (wy, ..., w,)’. Define

n -1 n
= (Z Wﬂ?) Y wii,
i=1 i=1



and the leave-one-out version of it,

n 1w
F-i= <Z wiw; — wiZU;) (Z wiYi — wi%‘) :
i=1 i=1

Also, note that first p elements of 4 are 3, and the remaining k elements are basis coeffi-
cients from the function approximation. Similarly to Kline, Saggio, and Selvsten (2020),

we propose to estimate 6 as

n
0:=pAB—Y  B;io?, )
i=1
where @'l-z is a leave-one-out estimator of the individual variance of ¢; defined as
07 ==y (yi — wiy-i) . 3)

We note that computing §_; for eachi = 1, ..., n is computationally costly in large-
scale applications. To avoid this, we represent (3) as

o2 = Ji% 4)

where Myy ;; is ith diagonal element of the matrix My := I, — W(W'W) =W’ projecting
onto the complement of the column space spanned by x; and functions of z;, and é; :=
Y Mij(y; — x;B) are residuals.

Our estimator 8 is exactly unbiased if (i) f is unbiased, (ii) 67 is unbiased for each i.
For a moment, suppose that E [B] = Bholds and f € Fjjpeqr: that is, the estimator of the
“slope” B is unbiased, and the unknown function f(z) = z'a is linear in z. Under these
conditions, we have

E [yi (yi — xip-i — pi(z

E [(xip+ f(zi) +e) (xi
E [(xip+ f(zi) +e) (xi
= (xipxi+ f(z:)x]) E[B — p—i]

)&
xip +
(B

)]

f(zi) +ei — x"ﬁfi—Pk(Zz‘)’&f‘)]
—B_i) + (f(zi) — pi(z +e;)
+ (xiB+ f(z ))]EU(ZJ ( i)

]
a_j] +o?

= o?
where we use the fact that E[e;x/(8 — B_;)] = E[e;]E[x/(8 — B_i)] = 0, because _;
independent of ¢;, and similarly E[e;( f(z;) — px(zi)'&—;)] = Ele)E[f(zi) — pr(zi)'a—i] = 0,

because & _; is independent of e;.

However, for general classes of functions F, the exact unbiasedness of ﬁiz does not hold.
Instead, we rely on asymptotic approximations where we let the number of approximating
functions to go to infinity, k — co. Hence, the estimator of the slope §, of the individual
variances 67 and, as a result, of the quadratic form @ will be unbiased asymptotically', that

1. For expositional purposes, we sometimes drop the Euclidean norm on the vector ||v||, and write
asymptotic results as, say, v = 0(1) instead of ||v|| = 0,(1).



is

as k — oo.

For these purposes, we conventionally assume that the unknown function f(z) be-
longs to the functional class F of smooth and real-valued functions that can be well-
approximated by the functions of their arguments.

Assumption 1. We assume that f € F, where

F = {f s minE [|f(zi) — pr(zi) al?] < Ck™>, a5 > 1} (5)

xRk
for some absolute constant C < oo.

This particular implies that

sup E [|f(zi) — pe(z) a—i?] = Op(k72),
feF
so that all the functions in the class are if z; has a compact support.

The constant a¢ plays an important role in our asymptotic analysis and highlights
the point of departure from the results in the previous literature on semiparametric
estimation. Specifically, to obtain the consistency result of our estimator, we need to
strengthen the assumption on the constant a¢ from being strictly positive (Donald and
Newey 1994; Cattaneo, Jansson, and Newey 2018a) to being strictly greater than one.
Intuitively, because we are interested in the estimator of the quadratic form, the bias
should decrease to zero faster than in cases when we are solely interested in estimators
that are linear in the outcome variable (for example, the estimator of j in fixed-p designs).
This extra assumption is the cost of relaxing the linearity assumption on the covariates,
and bears practical implications in the form of the number of exogeneous variables, and
assumptions on the degree of smoothness of f(z) the researcher is willing to consider. 2

For example, if the support of z; is compact, while the basis functions (say, polynomials
or splines), satisfy Assumption 1 with af = s¢/d, where s; is the number of continuous
derivatives of f(z). Given that ay > 1, it implies that such functions will satisfy the
assumption if s > d, that is, if the function possesses more continuous derivatives than
the dimensionality of z; (Chen 2007). Practically speaking, it implies that if the researcher
has relatively many exogenous covariates, she implicitly assumes that the underlying
function is very smooth. We stress that there are studies (Armstrong and Kolesar 2018)
that highlight the impossibility of the degree of smoothness estimation from the data, so
our practical recommendation in empirical applications is to carefully look for an ad hoc

appropriate balance between the number of covariates and robustness of the results.

2. We leave discussions on whether a¢ > 1 is a sufficient or a necessary condition for consistency for
future research.



4. Consistency

In this section, we prove the consistency result for the proposed estimator §. We study the
asymptotic behavior of 0 assuming that x;, z;, and A are sequences of constants so that
the only source of randomness is ¢;. We adopt the conditional perspective approach as
in Scheffe (1959), Searle, Casella, and McCulloch (2009), and Kline, Saggio, and Selvsten
(2020). This allows us to be agnostic about the potential dependency between x; and z;,
and A. Here is also where our analysis is different from Cattaneo, Jansson, and Newey
(2018b) where the authors consider sequences of random variables and conduct analysis
conditional on z; only. Limits are taken assuming the number of observations goes to
infinity, n — oo, the number of approximating functions goes to infinity, k — oo (so
that the finite-sample bias of 8 and 67 is asymptotically of negligible order), and the
dimensionality of x; goes to infinity, p — oo, to model the limited mobility bias. We make
the following additional assumptions:

Assumption 2. (i) max;(E[e}] + 07 %) = O(1); (ii) there exists a ¢ < 1 such that max; Py ; <
¢ for all n, where Py ;; := I, — My ;;; (iii) max;(x}B)* = O(1).

Part (i) excludes heavy-tailed distributions of the errors as is typically assumed in the
literature on OLS estimation (Cattaneo, Jansson, and Newey 2018b; Kline, Saggio, and
Selvsten 2020). Parts (ii) and (iii) coupled with the Assumption 1 imply that the leave-
one-out estimator 67 is well-defined and has bounded variance. Part (ii) also implies
that p7+k < ¢ < 1 for all n. Below we formalize the consistency result for the proposed

estimator.

Lemma 3. If Assumption 1 and 2 hold, A is positive semi-definite, 6 = p'Ap = O(1), and
trace(A%) = Yj_1 A2 = o(1), then
b—05o0.

4.1. Alternative estimation with kernel methods

In this subsection we briefly discuss an alternative way for estimating the quadratic form
6: one based on kernel methods. By still assuming that the data-generating process takes

the form in (1), we now estimate the unknown function f(z) at the point z as

2 zZ—z < -z
(55 LK)
foitz) = =2

1

& z—z\ " z—z;\ ’
“(557) 2 (5

i=1 h j=1j#i h

for some suitable kernel function K(-) that fulfills regularity requirements. This form of

fz) =

the “leave-one-out” kernel estimator is extensively used in the nonparametric literature on
cross-validation or estimation of density-weighted average derivatives (Cattaneo, Crump,

and Jansson, 2014). After obtaining the estimate of the function f_i(z), we construct the



estimator of the slope as:

1
Ba = <Z xﬂg) lexiéir &=y~ flz),
i=1 i=

and the estimator of the quadratic form as:

with

n -1 n
?Tiz,a =VYi (yi - xfﬁ—i,a - f—z‘(Zi)) ’ :B—i,a = (2 xz‘xl/' - xﬁf’) (Z xiéi - xiéi) .
i=1 i=1

The leave-one-out kernel estimator (6) eliminates the ”“self-observation” bias when con-
structing residuals & in the first step. This form of sample-splitting is for example also used
(and for similar reasons at that) in the literature on double-debiased machine learning
(Chernozhukov et al. 2018). We conjecture that given conventional asymptotic conditions
on the bandwidth and the sample size used in nonparametrics, namely n — oo, h — 0,

and nh — oo, the estimator 0, is consistent, in line with the Lemma 3.

5. Large-scale approximation

In this section we discuss an alternative estimator that allows for fast computation in
typical large-scale applications such as those based on administrative linked employer-
employee data. We follow Kline, Saggio, and Selvsten (2020) by considering the random
projection method of Achlioptas (2003). To describe it, fix m € IN and generate matri-
ces Rp, Rp € R™ " where each (i, ) coordinate is a random draw from the following

Rademacher distribution:

+1 with probability 1/2,
—1 with probability 1/2.

R,j=

Decompose A = 1/2(A} A, + AL Ay) for Ay, Ay € R"™*P, where A; = A, if A is positive
semi-definite. Denote

‘Rpws;}uwi)

R 1
Py i := — ‘
m

=1

!
2 . 1 L &
, Bi= (RBAlsxxl ZMz’jxj> (RBAZSM1 ZMiij> :
j:l

The proposed estimator is then:

~ U B (y; — w'4 1303, ..+ D2 .
0 = /A _ B(ATZ , 0'2 — yl(yl Aw1’)/) 1— W,ii A W,ii ) 7
JLA ﬁ :B ; 1Y JLA i,JLA 1_ PW,ii m 11— Pw,ii ( )



3 L2
1 3Py it Piyii
m1-Pyi

As in Kline, Saggio, and Selvsten (2020), the term removes a non-linearity

bias from the approximation of Py ;; by pW,ii-

Lemma 4. If Assumptions 1 and 2 are satisfied, n/m* = o(1), k — oo, varff] ! = O(n), and
one of the following conditions hold, then var{f]~1/2(j.4 — 6 — Byy) = 0,(1) where |B,,| <
% Y P%v,ii|Bii\‘7i2-'

(i) A is positive semi-definite and E[B'AB] — 0 = YI; Biio? = O(1).

(i) A = 1/2(A{Ax + ALAq) where 61 = B'AJA1B and 0, = B'ALALpB satisfy (i) and

sl —o0)

6. Limiting distributions

This section examines two different results about the limiting distribution of 8. The first

assumes that the rank of A: r, is fixed. Instead, the second result allows for growing r.

6.1. Fixed rank

First, we derive the limiting distribution of 8 for fixed r. We represent the estimator as
A r ~ ~
0=y A (B2 —varb]),
=1

1

where b := YL, vy;, vab] := YL v;0j07, and v; == Q'S 2 YLy Myjx;.

Below we state a formal result stating that the distribution of 0 is a sum of potentially
dependent chi-squared random variables with non-centralities b = (by, ..., b,)’, and that
the estimator of the variance of b is consistent.

Theorem 5. If Assumptions 1 and 2 hold, r is fixed, and max; vjv; = o(1), then
(i) vah)1/2(b — b) % N(0, 1), where b := Q'SL/2,
(i) vafb]~Lvah] > I,,

(ii) 0 = 55y Av (B3 — varib]) + op(varid]!/2)

This result is standard, though arguably of limited interest in empirical settings like the

AKM model, where the rank of A grows with the sample size.

6.2. Growing rank

We can also motivate § using a generalized ”full set” of regressors @; := AS,Lw;, where

y A !
A= (0 8) and v := (ﬁ a) . Indeed,

n
0 =7 Ay =7 SwuSpuAy = Y v wiiy
i=1

1

10



and the asymptotically unbiased leave-one-out estimator is then

n
0= yiwfi
i=1
where the difference between 'w; and its proxy y; goes in expectation squared to zero as

the number of approximating functions becomes large. Now we can represent

0=Y"Y Cuvive,
i—1

U£i

where Cjy := By iy — 27 My i (BW,Z'Z'MIX/%Z'Z‘ + BW,MM;\/%M)- Hence, the estimator of the
quadratic form is a second-order U-statistic with the kernel C;,. Below we show, using the
supporting Lemma 7 provided in the Appendix, that the kernel varies with the sample
size n in a way that the individual contributions are small enough leading to the Gaussian
approximation. The analogical result is shown in Kline, Saggio, and Selvsten (2020) in the
context of quadratic form estimation under the linear specification, and Cattaneo, Jansson,
and Newey (2018a) in the context of slope estimation in the semiparametric model.

To show normality of the proposed estimator, we decompose  — 6 into components
that satisfy conditions of Lemma 7, and then rely on results of the Lemma to imply the
joint normality of individual components. Compared to Kline, Saggio, and Selvsten (2020),
the difference between the estimator and the estimand now includes the error from the
functional approximation, which is, however, of negligible order under the Assumption 1
and the assumption that the number of approximating functions becomes large.

Theorem 6. If Assumption 1 and 2 hold, and the following conditions are satisfied,

2
() varf] =t max ((@jy)* + (Wjv)?) = o(1), (i) rAl =o(1),

> M
=1

then var[f]~1/2( — 0) 4 N(0,1).

7. Simulation study

We conduct a simulation study to verify the unbiasedness of the proposed estimator in
different contexts. Our data-generating process follows (1) with the unknown function
defined as f(z;) = |zi||”. We generate n = 500 observations with z;; ~ iid.U(—1,1),
and x; = exp (0.3 || zi]|* + 0.7N (0, 1)), fixing dimensionality of z; to d = 4 and varying
dimensionality of x; as p = {20,90,180,300}. The slope coefficients are generated as
Bj ~ U(—0.5,0.5) for j = 1,...,p, and we set the A matrix to A = x1x] + x2x5. The
explanatory power of x; remains fixed to R2 = 0.7 as we vary its dimensionality.

We evaluate the performance of the proposed estimator in (i) homoskedastic regime
with errors generated as ¢; ~ ii.d. N'(0,1), (ii) heteroskedastic regime with errors gen-

11



erated as ¢, = N(0,1) + x1;/12, and different values of k for approximating f(z;),
k = {4,30,50}. Table 1 displays the values of |1 Y5_, 8, — 0| for different settings, where
0, is an estimate of the quadratic form in /th simulation as defined in (2), and the total
number of simulations is s = 1000.

Table 1: Simulation study: results

k\ p 20 90 180 300
Homoskedastic

4 (linear) 2.19 3.50 5.47 2.55

30 (3rd power + int.) 0.10 0.04 0.00 0.63

50 (5th power + int.) 0.06 0.00 0.10 0.51
Heteroskedastic

4 (linear) 2.50 8.59 7.24 11.04

30 (3rd power + int.) 0.36 0.32 0.59 0.06

50 (5th power + int.) 0.08 0.01 0.22 0.02

Note: the table reports the bias of the quadratic form (in absolute value) for each experiment.
The number of observations is n = 500, and the number of simulations is s = 1000. k = 4
corresponds to the linear model specification, k = 30 uses polynomials up to the third power
and interactions up to the third power, and k = 50 uses polynomials up to the fifth power
and interactions up to the fifth power.

In sum, given a high nonlinearity of the underlying function, we observe that a large
number of approximating functions is required to eliminate the bias. A linear specification
leads to a severe bias, while a cubic specification seems to not capture the nonlinearities
fully, still leading to a bias (though of a much smaller magnitude). Approximation relying
on polynomials and interactions of the fifth power appears to be the most robust solution,
addressing estimation issues due to heteroskedasticity, high dimensionality of x;, as well
as the (unknown) nonparametric component of the model.

We highlight that approximations based on cubic polynomials are fairly common in
practice: see e.g. Card et al. (2018). Our simulation study shows that in some situations
this might not be sufficient to fully eliminate the bias, potentially leading to distorted
final estimates in actual applications.

8. Empirical application

We apply our estimator to decompose wage dispersion in linked employer—employee
data. The exercise illustrates that relaxing linearity in the covariates yields stable and
interpretable variance components, in contrast to the standard linear AKM model once
rich controls are introduced.

8.1. Data and estimation

Our empiricaln analysis combines two Portuguese sources of administrative data. The
matched employer-employee dataset Quadros de Pessoal (QP) reports worker characteris-
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tics (age, gender, occupation, qualification, education, contract type, hours, compensation)
and firm characteristics (location, industry, revenues) for the universe of private-sector
firms. The firm accounts dataset Central de Balangos (CB) provides annual balance-sheet
and income-statement information (including total assets and sales) for non-financial
corporations. We link QP and CB at the firm level to obtain a panel with rich worker- and
tirm-side observables.

We focus on the period 2014-2019 and on full-time workers aged 20-65. The model’s
dependent variable is the logarithm of individual hourly wages. As in the typical “AKM”
literature, we decompose the cross-sectional variance of wages into the variance of worker
fixed effects (07 ), the variance of firm fixed effects (), and their covariance cov(a, 1),
which captures sorting.

We compare two empirical specifications. The first is the standard linear two-way
fixed effects (AKM) model with covariates entering additively and linearly. The second
implements our generalized semiparametric estimator, which approximates f(z) via
polynomial bases of degree 1, 3, and 5 (denoted Generalized (1)/(3)/(5)). Importantly,
all polynomial bases are then interacted with a fully saturated set of observed worker
and firm categorical variables, allowing for a very rich set of group-specific non-linear
effects. The Generalized (1) model differs from the standard AKM model as in the latter,
the continuous covariates z are not interacted with any categorical indicators. We report
estimates under a parsimonious control set (gender, age) and an extended set that adds
education and qualification at the worker level and revenue and assets at the firm level.?

8.2. Results

Table 2 presents the estimates of the variance components for each model and set of
controls.

Using the “parsimonious controls” set (Panel A), the standard AKM and our gen-
eralized estimator deliver similar, plausible magnitudes. The firm-effect variance lies
around 0.13-0.14, consistent with ranges commonly found in the literature (Bonhomme
et al. 2023). Increasing basis richness from degree 1 to degree 5 slightly reduces 0'1‘?} and
cov(, 1), in line with improved fit of f(-).

By contrast, introducing the extended controls (Panel B) leads the standard linear
specification to break down: the estimate of Ul% rises from roughly 0.14 to 1.116, an implau-
sibly large value in log-variance units relative to Panel A. This result likely reflects severe
confounding. Both the firm fixed effects and the firm-level observables (revenue, assets)
serve as proxies for underlying firm productivity which is one of the main drivers of
pay-setting policies. The linear structure of the standard AKM model cannot disentangle
these collinear sources of variation, leading to a mechanical inflation of the firm effect
variance. This can be interpreted as a failure of the model’s core assumption of additive
separability, a restriction our method is designed to relax.

3. In practice, we compute all estimates by first partialling out covariates (which, in the “Generalized”
cases, amount to the fully interacted set of polynomial bases Py); subsequently, we compute the bias-corrected
variance components of interest on the resulting residual.
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Table 2: Wage variance decomposition

Model o2 o cov(a, )
Panel A: Parsimonious controls
Standard 0.3698 0.1404 0.0845
Generalized (1) 0.3655 0.1405 0.0838
Generalized (3) 0.3695 0.1351 0.0799
Generalized (5) 0.3697 0.1352 0.0799
Panel B: Extended controls
Standard 0.1872 1.1157 0.0369
Generalized (1) 0.3635 0.1407 0.0843
Generalized (3) 0.3795 0.1343 0.0810
Generalized (5) 0.3660 0.1316 0.0781

Note: Estimates of the variance of worker effects, firm effects, and their covariance. The
standard model imposes linearity on controls. The generalized models use our semipara-
metric estimator with polynomial approximations of order 1, 3, and 5. Panel A includes
worker gender and age as controls. Panel B adds worker education and qualification, and
firm revenue and assets.

In contrast, the generalized estimator is robust to this enrichment of controls. The
variance components remain stable across panels and across degrees. For instance, in
Generalized (5) the firm-effect variance is 0.135 under parsimonious controls and 0.132
with the extended set; the worker variance and the covariance display similar stability.

That these estimates are stable does not imply that the additional controls are irrel-
evant. Rather, it suggests that the high-dimensional worker and firm fixed effects have
already absorbed most of the relevant variation featured in the covariates. For exam-
ple, high-revenue firms likely already have systematically higher firm fixed effects, and
workers with higher qualifications already possess higher worker fixed effects. The fixed
effects capture the stable, time-invariant component of these observables, leaving little
residual variance for the controls to explain once the person and firm effects are flexibly
partialled out.

In summary, the empirical estimates suggest a vulnerability of the linear AKM ap-
proach in rich designs: collinearity between fixed effects and observables can severely dis-
tort the variance decomposition. Our semiparametric specification avoids rigid functional-
form restrictions and yields components that are stable across specifications, pointing to
person- and firm-specific premia as the primary drivers of wage dispersion, with residual
nonlinearities in observed characteristics playing a second-order role once those premia

are controlled for.

8.3. Implications for within-firm wage heterogeneity

Our specification includes saturated, high-order interactions between observed worker
and firm characteristics. For any vector of observables z;; and groups that include firm

identifiers, the model allows each firm to have its own (possibly nonlinear) pay schedule
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f]'(zit), in addition to worker and firm fixed effects a; and ¢;. In this setting, the stability
of (02, 0'1%, cov(w, 1)) across richer controls and higher-order bases shows that differences
in returns to observed traits across firms contribute little to the variance decomposition
once worker and firm fixed effects are included. Allowing firm-specific pay schedules in
z does not shift variance away from the additive premia or change measured sorting in
these data.

This conclusion should not be interpreted as the absence of within-firm heterogeneity
per se. First, it speaks only to heterogeneity along observed z;;. Match-specific premia or
complementarities outside z;; can still matter (e.g., a manager-worker fit that raises pay
on a particular team). Second, firm-specific slopes are learned from variation in z;; within
each firm. If a firm hires a narrow set of worker types, true slope differences are hard
to identify and may appear as a higher firm effect rather than a change in the variance
components. Third, our baseline interactions allow f;(-) to differ across firms but not
necessarily over time unless firm—time groups are included; time-varying policies can
therefore exist without moving this static decomposition.

Overall, the evidence points to a wage policy that is well approximated by a firm-level
shift applied broadly across workers, while firm-specific returns to observed traits—though
allowed to be nonlinear and heterogeneous—are quantitatively second order in the vari-

ance decomposition for this sample.

9. Conclusions

This paper develops a semiparametric framework for estimating variance components,
(as in the workhorse AKM model of wage decomposition) when covariates enter flexibly
through an unknown function. We extend extant leave-one-out bias corrections to this
setting and show that, under strengthened smoothness conditions, the resulting estimator
is consistent and asymptotically normal. The approach remains computationally feasible
in large-scale applications.

Simulations demonstrate that our proposed method eliminates the bias of plug-in
estimators under heteroskedasticity and nonlinear covariate effects. In an empirical appli-
cation to matched employer—employee data, we find that variance components are stable
across specifications and lie within benchmark ranges reported in the recent literature. By
contrast, linear AKM models with the same set of controls produce inflated firm effects.
This evidence suggests that instability in standard decompositions is primarily due to
functional-form restrictions rather than substantive nonlinearities in pay determination.

Relative to conventional methods, our estimator requires additional assumptions and
comes with a slightly higher computational cost. In actual applications, these disadvan-
tages must be weighed against the estimator’s ability to deliver results that are both more
nuanced and different relative to standard approaches. To provide more guidance on this
issue, in future work we plan on comparing the empirical implications of our method
across a diverse set of administrative datasets, all of which shall ideally feature rich sets

of observed covariates.
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A. Proofs

Here, we provide proofs of the main results found in the paper and additional derivations.

Proof of Lemma 3. The variance of f is

under the assumption of fixed x; and z;.
First, rewrite the difference between the estimator and the estimand as
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Next, we use the definition B;; := }i'4 Mijx;S;xlAS;xl Y1 Myjxj, so that
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Finally, rearranging, we have
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+

In general, it holds that
E[|0 —0|°] = |E[8 — 0]|* + trace(varf — 0]).

To show that 0 is consistent for 6, we need to show that the bias and the variance of the
difference in (8) goes to zero. The main idea is to compute bounds on each term and their
variances, and show that these bounds are asymptotically negligible. Then, convergence
in the quadratic mean would imply convergence in probability.

Applying expectations on both sides, and using independence and mean-zero proper-

ties of errors, we have

n

ii Bitf(zi) +2ZZBMX£.3JC + Y BiE[o? — &7].

i=1/¢= i=1

We now prove that each term goes to zero in probability as n — oo, k — oo, and p — co.
Denote B := (Bj/)},_; € R"™",and F := (f(z1),...,f(zs))" € R". Then

n
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= (F'MXS,/AY?)?,

where we use A = A/2A1/2 because A is symmetric. By the Markov inequality, assump-
tions on F, M being idempotent, and the Cauchy-Schwartz inequality,

1/2

1 1 172 1
HF’MXSxxlAl/Z < trace (F’MF) - trace <A1/2sxx1X’stx;Al/2>
n n n

1 1/2 1 1/2
= trace <F’MF> - trace (Al/ZSxx1A1/2>
n n

= Ok " \/p/n).

Thus, using the Assumption 1, we have

i i Bivf(z; O(k™**np) = O(k™%n) — 0.
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Now, for the second term in the main decomposition,

n n

Y ) BixyBf(zi) = F'BXP

i=1/0=1
= FPMXS, L AS X' MXB
= F'MXS,AB.

Given that B'AS; . AB = O(1), by the Markov inequality, assumption on F, M being
idempotent, and the Cauchy-Schwartz inequality we have

1 1 1/2 1 1/2
HHF’MXSxxlAﬁH < trace (HF’MF> - trace <nﬁ’ASxx1X’MXSxx1A[5>

1/2

1 1/2
= trace (nF’MF> - trace < B'AS} [3)
= Ok~ /y/n).
So that using the Assumption 1, we have

n n

Y ) BuxyBf(zi) = O(k™*/n) =0

i=1/¢=1

To bound the third term, we should show that

E[07 — of] = (xif + f(zi)) (XE[p — p-i] + Elf (z:) — pr(zi)'a-))
goes in probability to zero. This is equivalent to bounding the bias of the estimator of the
slope coefficient and the bias of the function approximation.
The bias of the slope estimator is

E[g—B] = (iX’MX)_l %X’MF :

By the Markov inequality, assumption on F, M being idempotent, and the Cauchy-
Schwartz inequality we have that:

1 1 1/2 1 1/2
HnX’MFH < trace <X’MX> - trace (nP’MP>
= Ok~ /p/n),
and, similarly,
[

so that using Assumption 1, we ultimately have:

E[[|p— B[] = O(Vn/k" \/p) =
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Because of the assumption on the functional class F, we can bound the bias of the

function approximation using Jensen’s inequality for convex x — x2,

E[|f(zi) — pi(zi)'&—i|] < E[|f(z:) — pilzi)a—i|*]/?
< (Ck 212 = 0,(k™),

so that:
E[|6? — 0?[] = O, (v/n/k \/p) 5 0.

From this it follows that:
E[|§ — 6] 5 0.

We next turn our attention to bounding the variance. Let matrix
A:=S2AS 2,

and let Ay, ..., A, be its nonzero eigenvalues. We assume that )L% > ... 2> /\%, and that each
eigenvalue appears as many times as its algebraic multiplicity. Under these assumptions,
we can spectrally decompose A = QDQ’, where Q is a matrix of orthonormal vectors
and D = diag(Ay,...,Ar).

The variance of 2" | Y j_; Biyx)Be; is

2
4 i <f Bigx;g,B) 0% < max 0B’ X'B*Xp = max 0B AS LA
i=1 \(=1
< miaxaiz)xﬁ =o(1).
To explain why the last inequality holds, define = S1/2f so that g = S;!/2B,
BAS AR = BSy/2AS B = B(5: /2 A8 ) = BAB,

and
0 =p'S?AS 2B =P AB.

Then, using the Rayleigh quotient argument, it holds that

because A is positive semi-definite, B # 0, and Amax(A) is the largest eigenvalue of some
matrix A. From this it follows that we can bound

B'AS AR < M8,

use assumptions § = O(1), A; < trace(A2)!/2 = 0(1), and the fact that the variance is

bounded. The conclusion then follows.
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The variance of 2Y ' | Y-/, Bisesf(z;) is
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which follows since
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= trace(S,//2AS /25112 AS1/?) = trace(A?),

and we use the assumptions as above but now, instead of the bounded variance, we
assume that F is a class of bounded functions so that max |f(z;)| < Cfori=1,...,n for
some absolute constant C (this is implied by the main assumption on F).

Because Bizg = B%i for any i, £, the variance of } ;' ; Yoi Bieieg is
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To compute the variance of Y/ ; B;;(e? — 07), we represent the leave-one-out variance
estimator as
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Thus, the variance is now expressed as:
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Because we have that

E[d—6] 50, vaff—0] 5o,

the proposed estimator § is consistent. U

Proof of Lemma 4. We prove the result by considering a second-order approximation of
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and an approximation error that we show to be negligible,
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and using (1 — Py ;)71 (1 — Py ;) = (1 — 4;)~', and expanding up to the third order as

1_Ifw,ii :1+1_13W'i“i
1 — Pw,ii 1 — Pw,ii
P,
=1+ +fz2+7w”ﬁ;°’,
1-— W, ii
we have that
A O 1, 3P +P%.
Opa—0=Y 62|B;+ —B,— Nt Wit
LA z';al ( AT 1 — Py
LI 13P3 4+ P2 . —(1—4;)%(3P3, ..+ P2, . 53
+Z B W, ii W, ii A( . l) ( W, ii W,zz) _ 1+ﬁz’+ﬁ12+ azA
i=1 m (1—a:)*(1 — Pw,ii) 1— 4

= (é é)z + AE;.

To describe the bias, we note that pW,iiz Bj;, and ?71-2 are independent of each other,
E[Pyw,ii] = Pw,i, E[Bii] = Bii, E[0?] = 02 + O,(\/n/k" \/p), and using properties of the
Rademacher random variables,
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Focusing on the variance next, denote y := (yl, e, yn)’ , so that
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for Ay := S/ ZA;(AkS;xl/ 2 for k = 1,2. Regarding the ensuing terms, it holds that:

n n
var [Z 07B;; (a7 — Val{ﬁi])] =Y Y E[B;By|E[6767] cova?, 47]

i=1/=1

O (m_ztrace(A2) + m_3trace(A%)1/2trace(A%)1/2) ’

LI 2% 4 Phy i — Pw,ii(1 — Pw,i)? _ -
- [Z B Ba) = P | = O (mtrace(4),

n 2y ", Pt — Py (1 — Py ii)? .
) 2 (#i L W,il W, i W, ii . 2
var [E B (07 —07) ml(l P i) = O (m *vatf)]) .

Because trace(A?) = O(varf]) and m~* var{f] 2 var{f;] var{,] = o(1), it can be ultimately
established that vaff] /2 (fja — 0)2 — By) = 0,(1).

Using that E[a?] = O(m™2), E[4}] = O(m~?), and max; |4;| = 0,(logn/+/m), the
terms in the approximation error are as follows:

i=1 i=1
nooo. A logn A A
; 123111 — i %Op (E[61,p1 — 61] + E[6pp1 — 65])
1 Xn: AgB,_3p3v,ii + Pjy ;i — (8P + Py i) (1 — )
m = (1—a;)2(1 - Pw,ii)
_» logn A A
= (m 24 p5g/4 ) Op (IE[QLPI - 91] —|—IE[92,1>1 — 92]) .

Proof of Theorem 5. Representation in the theorem holds because
r
) A = B'Sy2QDQSYp = Plsits, 2 AS 252 = BA,
(=1

and

M-

Il
—

r
B;;07 = trace(AvaiB]) = trace(Dvarb]) = Y_ A varb,].
(=1

We prove the theorem in three steps.
Approximation. Equivalently, represent 0 as

n

é = 2 )\g (E% — VaI{Bg]) + Z Bii(o-i2 - a-iz)'
(=1

i=1

and below we show that the second term is asymptotically dominated by the variance
of the estimator, var{d]. Given that, the asymptotic distribution of 0 is then driven by the
joint distribution of random vector b.
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We need to show that the second term is asymptotically mean-zero and is of smaller
order than variance of 8. The first claim is immediate because we have shown in Lemma
3 that

so that

Now, rewrite
% 2 2 % 1 : < 2 2
Y Bi(67 —07) = 2 BiiMy,\ixip Z My icer + E(ei —0?)
i=1 i i

+ E BzzMW uf Z MW irey + Z BuMW ii Z MW i0€i€y.
i=1 (=1 i=1 Ui

The variances of the first and the third terms are

2
n n
).t (Z My, BiMyy % ) < mlaXUZZB My (xiB)* < maxc? max(x;p) M2 Y B
(=1 i=1 i=1 i=1

2
n n n
Y o7 (Z Mw,igBiiM;v}ﬁ f(zi)> < max o? ZBZ%M;V%Z.Z. f(zi)* < max o? max f(z) MW y Z B2,
/=1 i=1

i=1 ! i=1

and of the second and the forth

ZB varfe?] <max]E ZB”,

n

YN[ BZMW -+ B”MW iBeeMy! L) Miotol < 2max04MW - Z BZ.
i=10#4i i=1

Because each variance is bounded by C Y}, Blzl, to show that it is of smaller order than

the variance of §, we need var{@] ~' Y/, B2 = o(1). It holds because

r

n
varff] 'Y Bj < maxv 'v;varlf]~ Z maxv 0i maxo; 4 =0(1).

Variance estimator consistency. Now we show that the variance estimator is consistent, i.e.
varfb]~1varh] % I,. For it we need to show that

var[¢'h] ! (\751{19'13] - val{ﬁ'zs]) —0,(1), 9ER, ¥6=1

for some non-random ©. Rewrite the expression above as

5(8) == Y 0i(8) (67 — 0?), ©)
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where

(8'v)?
(9) := SIE AT
R
We know that E [5(19)] 0p(1) because by the triangle inequality, the Cauchy-Schwartz
inequality, and |E[07 — 07]| = 0,(1),
5 1/2
[o(O)E[67 — 7| < (v(8)*)"2 - ([E[67 — 7]17) ™ = 0p(1)

fori =1,...,n. The variance of 6(9) is

f 5(0)? varo?] < Z v;(8)*

i=1

Il
—_

» 90
XO' maxvvi
Y 0080
4

= maxo; *maxv;v; = o(1)
1 1

| /\

because max; v;v} = 0(1) by assumption.

Asymptotic normality. Our objective is to prove that
var{¢'b) 1/ <19’B - ﬁ/b) 4 N(0,1),

where b := Q'S}/2B, and b := Q'SL/2B. Lyapunov’s condition implies that it is sufficient
to show that

var®'b] 22]E[<19’b b) } =0,(1).

Because we have that

9'(b—b) =9'(Q'Sy*p— Q'S:B)
= ( Sl/ZZMZ]x]f Sl/ZEMUx]q)
j=1

= 0'(vif (zi) + viei),

and (a +b)* < C(a* + b*) for some constant C, Lyapunov’s condition is equivalent to

var{®'b] 2 i C (f(zi)4 + ]E[e?]) (00;)* = 0,(1).
i=1

It holds because max; |f(z;)| = O(1), and max; E[e}] = O(1) by assumption, so that
max; f(z;)*+ Ele}] = O(1), also max;(¢'v;)* < max; vlv; = o(1), L1 (8'v;)? = Y1 q 8'v;0)
¢ =1, and va¥'b] =2 < max; 0; 2 = O(1). O

Proof of Theorem 6. We derive the limiting distribution of § with growing rank based
on the following result regarding the joint normality of independent and not necessarily
identical random variables as in Kline, Saggio, and Selvsten (2020).
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Let {g,i}in be a triangular array of row-wise independent random variables with
E[q,:] = 0and vadg, ;| = n . let {w, ;};, be a triangular array of non-random weights
that satisfy } /' ; wnli(r%,i = 1for Vn, and let (Q, ), be a sequence of symmetric non-random
matrices in R"*" with zeros on the diagonal and having 2} ; Yoot Qn 0 5 ; 5 , = L

Define
n

Sp = an,iqn,i/ Uy = ZZQn,ilQn,iqn,Z-

i=1 i=10#i

Lemma 7. If max; E[q} ;] + 0,7 = O(1), (i) max; @2 ; = o(1), and (i) trace(Qy;) = o(1),
then (Sp,Uy)' 5 N(0, I).

Proof. See Appendix B in Kline, Saggio, and Selvsten (2020) and Appendix A2 in Solvsten

(2020). O
The U-statistic representation holds because

n

’(’I) /)\’ Z w; <SZUZ}J wiw;) ngyf

i=1 0F£i

>
I
W'M:
—_

Il
m: I 107

g |

S—lwaw!S-1
'(I] S 1 + ww 1 Y ww w
: s ( Y1 — WSyl w; ; =

it} (S + My Sabviw]Sil ) Y- weye

(i
= Yiw SwwASww Z WeYy + Zylw S . AMwluswww w; Sww Z WeYe
i=1 UFi i=1 V7
n
= Zy yﬁwgsazluASz;z}Jwﬁ + Z ZyinyI?\/%iiw SwzluASwww Wi Swwwf
i i=1 (i

IM- I

Z yZBW,ié + yiny;\/}jjBW,ll( MW z( Z Z Clﬂl‘/zl‘/[
0#i i=10#i

N
Il
—_

Now, define &; := f(z;) — px(zi)'« to be an approximation error (it is implicitly indexed
by the unknown function but we omit this dependence for brevity). We can write the
difference

n

Civiye — Y_ ¥ wiy

i=1

[\1:

Il
_
~

Fi

Cie (xiB+ f(zi) +ei) (xpB + f(ze) +er) — fv’wiwh
i=1

I
=

Il
—_
~

#i

n
Cie (Vwi +ei+ &) (Ywe+e,+8) — Y v wiiy

I
™=

i=10#i i=1
n n
=) Czww7wé+zzcw Y'wieg + v'wee;) — Y ¥ widy
i=10#i i=10#i i=1
n
+22 (Y Wi + Y wed; + ey + epl;) —|—ZZCZ/€€€+ZZCZ/665

i=10#i i=10#i =104
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n n
=Y e ) (Ywi+ v w)Civ + Y &Y (Ywi + v'w +ei +e)
7 =1 (i

n n
+ E 2 Ciseiey + E 2 Ciréiéy

i=1(#i i=1(#i

(2wly — Wiy el—i—ZZCgeleg—l—O (nk™41),
i=1/0#i

—_

M:

Il
—

where the last equality follows from defining @; := }j_; My io7=p-— P ZUg, and the fact that
by the Assumption 1

& < (f(z) — pe(zi)'a)* = E[(f(zi) — pr(z)'a)?] < min E[(f(z:) — p(z:)'a)’] < Ck=2%.

x€Rk

As k — oo, we have that

n

n
=Y 2@y —Djy)ei+ ) ) Cieiep +op(1).

i=1 i=1 (4

Having dispensed with asymptotically negligible contributions to §, asymptotic vari-

ance is
n

varff] = ) 2w}y — Wjy)? +222Clﬂ7’ a7,

i=1 i=10#i
that is, a sum of two components given by

n n
Vs =Y Wy — wjy)*0f, Vu:=2)Y_ Y Cyoio;.

i=1 i=10#i

The normalized difference is then given by
Val{é]_l/z(é — 9) = w1 Sy + waldy,

with w; = varff]~V2V}2, w, := vaff]~1/2V1/2, and

n n
Sp =V 2y 2wy — wiy)e, Un =V, 2 Y Y Cueies.
i=1 i=1 Ui

Consider the case where the limit of w; is nonzero. If it is not, then asymptotic
normality of the difference varff]~1/2(8 — 6) is implied by asymptotic normality of U,
Using notation of Lemma 7, we have that @w; = V;1/2(2@!y — @}7y), and Q;y = V, 1/2Cy.

To verify the condition (i) of Lemma 7, note that

max ? = max Vs (2@} — wy)? < max4Vs ((@}y)* + (@0}7)?)
1 1 1

= max 4w; 2 (@7)* + @py)*
i ! var|t]

=o0(1),
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where the last equality follows from Theorem 6 (i), and the nonzero limit of w;.

For the condition (ii) of Lemma 7, denote Ay := S;1/?AS;1/2, and note that the
first r eigenvalues of the Ay matrix are equal to eigenvalues of the A matrix. Now, with
constants ¢y and ¢, not dependent on 1, we have that trace(C*) < ¢y - trace(Bj,) =

cu - trace(A3,) < cyA? - trace(A%,), and V, > ¢ min, o - trace(Aw ), which implies

2, 52 2
trace(Q*) < cuMy trace(AV\i) 5 =0 LNZ =0(1),
(cp min; o - trace(AZ,)) trace(Ayy)

where the last equality follows from Theorem 6 (ii). O

Sherman-Morrison representation. The representation in (4) holds due to application of
the Sherman-Morrison formula to the leave-one-out estimator of . Denoting Sy 1=
Y1 wiw,, it holds that

-1 rqe—1
NnN—1 _ «-1 Swwwiwisww
(Sww - ZUZZUZ) — SZU'(/U + To—1 .
1 — w;Spww;

Plugging the above into the definition of §_;, we obtain
Sapw;w! Sy !
/\7‘ — Sfl + ww 1M ww § w:Y; — Wil
’Y 1 ( ww 1 - w;SZ;?}le = lyl lyl

n —1.,.-/Cc—1ym"n 7. =1y G=1 0y 4,
_ S—l S Swwwlwisww i=1 WilYi Swwwlwiswwwlyl
= wwzwiyi_ wwWili + -

i=1

rqg—1 rqg—1
1-— wiSwwwi 1-— wiswwwi
1R 1Q—1.,y.4,.
= gsghw | T Vidw i
- ww 1 rq—1 ! rq—1
1 — w;Syww; 1 — w;Syww;

C L o Wiy — Yi
= 4+ S tw; | ———2—
7w l(l—wgsmluw)

ol
S (yi —wiy) .
7w i WS Wi
Substituting for §_; in (3), we have

07 = yi (vi — wij—i)

_ N oy (i —wi)
=VYi (yi - w; <’Y - SZUWWi]—w;W))

(yi — wi) )

=yi | yi — w§ + wiS i —
- wiswwwi
1
=yi| i—wi) | — =
Z ( l Z 1 — w!Spww;
_ Yié
MW,ZZ
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