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Problem 1

Consider the following state space model:
Xt =M + Yt + z¢,

where y; and z; are unobservable processes, y; following MA(1) with MA-coefficient 6 and innovations ¢; with
variance 02, and z; following mean-zero stationary AR(1) with AR-coefficient p and innovations u; (uncorre-
lated with ¢; at all lags and leads) with variance ¢2.

1. Derive an ARMA process for x;. Write out the process for x; in a state space form with the state vector
(xt,x;_1)" and innovation vector (g;, u;)" . What is this vector process?

2. Google the stationarity /stability condition for vector ARMA processes and verify it for the process under
consideration. Intuitively, why does it happen?

3. Google the invertibility condition for vector ARMA processes and show that the process under consid-
eration is never invertible. Intuitively, why does it happen?

4. What is the long-horizon forecast for x; (that is £, for big i when the transitory dynamics dies out).
What is the variance of the unpredictable part?

Problem 2
Consider the pure ARCH(1) model
& = Ot1t,

where ii.d. 5; ~ D (0,1) for some distribution D with skewness 7, and kurtosis «;, and

(th =w + ocs%fl,

where w > 0 and a > 0. Suppose the stationarity conditions hold.

1. DeriveE] the kurtosis coefficient x,. of ¢; when it exists. When does it exist?

2. Derive the autocovariance function of the process 2.

Express it in terms of parameters 02, x and x; only.



Problem 3

Consider the GARCH(1,1) model
& = 0N,

where i.i.d. 17 ~ D (0,1) for some distribution D with skewness 7y and kurtosis x;, and

Utz =w+ zxe%_l + ,BUtz_l,

where w > 0,a4 > 0and > 0.

1. Derive the kurtosis coefficient . of &; when it exists. Express it in terms of parameters ¢2, &,  and xy
only. When does it exist?

2. Recall that the strict stationarity condition for ARCH(1) is IE [log (a?)] < 0. Derive the strict stationarity
condition for GARCH(1,1).



