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1 Basic probability theory

Exercise 1.1. For each of the following experiments, describe the sample space.

(a) Toss a coin four times.

(b) Count the number of insect-damaged leaves on a plant.

(c) Measure the lifetime (in hours) of a particular brand of light bulb.

(d) Record the weights of 10-day-old rats.

(e) Observe the proportion of defectives in a shipments of electronic components.

Solution. The sample space S is the set of all possible outcomes.

(a) For each coin toss in the series we receive either Head (H) or Tail (T). The example of the realization of
the series of four tosses: THHH, meaning 1st toss gives T and the remaining tosses give H. The sample
space S is the set of all such combinations. One may want to calculate the cardinality of this set. It is
24 = 16: on each position (toss) we have either T or H (2 options) and we observe four positions (tree
graph may help to clarify the idea). Related idea: if we have N objects in the set and we want to calculate
the number of subsets of this set then we should use 2N because each object may be present or absent (2
options) in the given subset, and this fact should be clarified for all N objects of the set for each given
subset.

(b) The number of leaves should be a nonnegative integer. Thus, S = {0, 1, 2, 3, . . .}.

(c) The lifetime may be less than an hour or some integer number of hours plus the remaining fraction of an
hour. Moreover, the lifetime cannot be negative. Thus, S = {t : t ≥ 0}.

(d) We need to choose measurement units. Consider grams (when you formulate your answer please be
specific about: assumptions you are making, any additional interpretations of a problem that you use in
your solution). Then we may say S = (0,+∞). We may also define some upper bound, for example 1
kilogram. Then S = (0, 1000].

(e) One can define n to be the number of items in the shipment. Since we need a proportion, the sample
space is S = { 0

n ,
1
n ,

2
n ,

3
n , . . . ,

n
n}.

Exercise 1.2. Verify the following identities:

(a) A \B = A \ (A ∩B) = A ∩Bc

(b) B = (B ∩A) ∪ (B ∩Ac)

(c) B \A = B ∩Ac

(d) A ∪B = A ∪ (B ∩Ac)

1The author thanks Arsenii Scherbov for providing materials for the first half of the course.
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Solution. When working with set expressions one may use Venn diagrams to understand how to proceed.
However, the illustration does not constitute a formal proof and thus is not sufficient as an answer. To proof
that the expression is true one must explicitly show both directions: if x ∈ LHS (left-hand side) then x ∈ RHS
(right-hand side) and if x ∈ RHS then x ∈ LHS.

(a) A \ B ⇐⇒ (”implies that” and the implication works in both directions) x ∈ A and x /∈ B ⇐⇒ x ∈ A
and x /∈ A ∩ B ⇐⇒ x ∈ A \ (A ∩ B). At the same time, x ∈ A and x /∈ B ⇐⇒ x ∈ A and x ∈ Bc ⇐⇒
x ∈ A ∩Bc.

(b) By definition A∪Ac = S. Then using the Distributive Law (B∩A)∪(B∩Ac) = B∩(A∪Ac) = B∩S = B.
One may also show the correctness of the equality by the technique used in point 1.

(c) B \A ⇐⇒ x ∈ B and x /∈ A ⇐⇒ x ∈ B and x ∈ Ac ⇐⇒ x ∈ B ∩Ac .

(d) A ∪ B = A ∪ [(B ∩ A) ∪ (B ∩ Ac)] = A ∪ (B ∩ A) ∪ A ∪ (B ∩ Ac) = A ∪ [A ∪ (B ∩ Ac)] = A ∪ (B ∩ Ac).
Here one may substitute ∪ with ”or” and ∩ with ”and” to see why some tautology is eliminated without
any transformation of the meaning of the expression.

Exercise 1.3. For events A and B, find formulas for the probabilities of the following events in terms of the
quantities P(A), P(B), and P(A ∩B):

(a) either A or B or both,

(b) either A or B but not both,

(c) at least one of A or B,

(d) at most one of A or B.

Solution.

(a) ”either A or B or both” means A ∪B, so we have

P(A ∪B) = P(A) + P(B)− P(A ∩B).

This is because A ∪ B = A ∪ (B ∪ Ac) (Problem 2 point 4), from it P(A ∪ B) = P(A ∪ (B ∪ Ac)) =
P(A) + P(B ∩Ac) = P(A) + P(B)− P(A ∩B).

In the last expression, the second equality uses the fact that A and B ∩ Ac are disjoint; the last equality
comes from rearranging the following P(B) = P((B ∩ A) ∪ (B ∩ Ac)) = P(B ∩ A) + P(B ∩ Ac) (combines
Problem 2 point 2 and the fact that two sets are disjoint).

It is easier to draw the picture and note the fact that we count the area of the intersection two times if
we do not subtract P(A ∩B).

(b) ”either A or B but not both” is (A ∩Bc) ∪ (B ∩Ac), so we have

P((A ∩Bc) ∪ (B ∩Ac)) = P(A ∩Bc) + P(B ∩Ac)

= [P(A)− P(A ∩B)] + [P(B)− P(B ∩A)]

= P(A) + P(B)− 2P(A ∩B).

The easy way is to draw a picture and note that this probability is equal to P(A ∪B)− P(A ∩B).

(c) ”at least one of A or B” is A ∪B, so we have

P(A ∪B) = P(A) + P(B)− P(A ∩B).

(d) ”at most one of A or B” is (A ∩B)c, so we have

P((A ∩B)c) = 1− P(A ∩B).

Note that this event also includes the possibility of not A and not B.
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Exercise 1.4. Consider two different setups:

(a) A fair dice is cast until a 6 appears. What is the probability that it must be cast more than five times?

(b) A pair of events A and B cannot be simultaneously mutually exclusive and independent. Prove that if
P(A) > 0 and P(B) > 0, then:

• if A and B are mutually exclusive, they cannot be independent,

• if A and B are independent, they cannot be mutually exclusive.

Solution.

(a) It must be cast more than five times if we did not observe the appearance of 6 on first five casts. We do
not observe 6 on each cast with probability 5/6. Since casts of a die are independent (adequate additional
interpretation of the setup which you should explicitly mention in your solution) the probability to not
receive 6 in first five casts is (5/6)5 ≈ 0.4.

(b) • Let A and B be mutually exclusive. Suppose, for the sake of contradiction, that A and B are
independent, then P(A ∩ B) = P(A)P(B). However, from the initial property A ∩ B = ∅ and
P(A ∩ B) = 0 (mutually exclusive). Since we are given events A and B with positive probabilities,
we come to a contradiction P(A∩B) = P(A)P(B) = 0 with P(A) > 0 and P(B) > 0. Thus, mutually
exclusive events cannot be independent.

• Independence of A and B together with P(A) > 0 and P(B) > 0 gives P(A ∩ B) = P(A)P(B) > 0.
It means that A ∩ B ̸= ∅. Therefore, A and B are not mutually exclusive by definition. Thus,
independent events cannot be mutually exclusive.

One may also proceed by contradiction: let A and B be independent. Suppose, for the sake of
contradiction, that A and B are mutually exclusive, then P(A∩B) = 0. However, from independence
and P(A) > 0, P(B) > 0 we have P(A ∩B) = P(A)P(B) > 0. This is a desired contradiction.

Exercise 1.5. Two coins, one with P(head) = u and one with P(head) = w, are to be tossed together
independently. Let

p0 = P(0 heads occur), p1 = P(1 heads occur), p2 = P(2 heads occur).

Can u and w be chosen such that p0 = p1 = p2? Prove your answer.

Solution. Start with probabilities: p0 = (1 − u)(1 − w), that is, first is T and second is T; p1 = (1 − u)w +
u(1 − w), that is, first is T and second is H or first is H and second is T; and p2 = uw, that is, both are H.
Equating these probabilities, we receive

p0 = p2 ⇒ u+ w = 1, p1 = p2 ⇒ uw =
w + u

3
.

These together imply

u(1− u) =
1

3
.

This equation has no solution in the real numbers (more specifically, the right-hand side must be ≤ 1
4 for the

solution in real numbers to exist). Thus, we cannot choose legitimate u and w to satisfy the conditions.

Exercise 1.6. Consider telegraph signals ”dot” and ”dash” sent in the proportion 3:4, where erratic trans-
missions cause a dot to become a dash with probability 1/4 and a dash to become a dot with probability
1/3.

(a) If a dash is received, what is the probability that a dash has been sent? If a dot is received, what is the
probability that a dot has been sent?

(b) Assuming independence between signals, if the message dot-dot was received, what is the probability
distribution of the four possible messages that could have been sent?
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Solution. Let ”DA” mean ”dash”, ”DO” mean ”dot”, ”R” mean ”received”, ”S” mean ”sent”. From dot/dash
3:4 proportion we can calculate unconditional probabilities to observe dots and dashes:

P(dot sent) := P(DOS) =
3

3 + 4
=

3

7
, P(dash sent) := P(DAS) =

4

3 + 4
=

4

7
.

From probabilities of mistakes we deduce other important objects, such as

P(DOR|DOS) = 1− 1

4
=

3

4
, P(DAR|DAS) = 1− 1

3
=

2

3
,

and

P(DOR|DAS) = 1

3
, P(DAR|DOS) =

1

4
.

(a) Using the Bayes‘ rule, we calculate the following:

P(DAS|DAR) =
P(DAR|DAS) · P(DAS)

P(DAR|DAS) · P(DAS) + P(DAR|DOS) · P(DOS)

=
( 23 )(

4
7 )

( 23 )(
4
7 ) + ( 14 )(

3
7 )

=
32

41
,

which is precisely the probability that a dash has been sent if a dash is received. Next,

P(DOS|DOR) =
P(DOR|DOS) · P(DOS)

P(DOR|DOS) · P(DOS) + P(DOR|DAS) · P(DAS)

=
( 34 )(

3
7 )

( 34 )(
3
7 ) + ( 13 )(

4
7 )

=
27

43
,

which is the probability that a a dot has been sent if a dot is received.

(b) We need yet another probability with DOR condition,

P(DAS|DOR) =
P(DOR|DAS) · P(DAS)

P(DOR|DAS) · P(DAS) + P(DOR|DOS) · P(DOS)

=
( 13 )(

4
7 )

( 13 )(
4
7 ) + ( 34 )(

3
7 )

=
16

43
.

Independence greatly simplifies calculations. We have DOR two times, so the possible signals sent with
corresponding probabilities are,

P(DOS|DOR) · P(DOS|DOR) =
27

43
· 27
43

,

P(DOS|DOR) · P(DAS|DOR) =
27

43
· 16
43

,

P(DAS|DOR) · P(DOS|DOR) =
16

43
· 27
43

,

P(DAS|DOR) · P(DAS|DOR) =
16

43
· 16
43

,

which is the final distribution we are looking for.

Exercise 1.7. Standardized tests provide an interesting application of probability theory. Suppose first that
a test consists of 20 multiple-choice questions, each with 4 possible answers. If the student guesses on each
question, then the taking of the exam can be modeled as a sequence of 20 independent events. Find the
probability that the student gets at least 10 questions correct, given that she is guessing.

Solution. ”At least 10 questions correct” means that we need to account for the situations when there are 10
correct guesses or up to all 20 guesses are correct. Thus, we will have a sum of probabilities.
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What is the probability to correctly guess k times? For each question the probability of a correct answer is
1
4 , there are 20 questions and the order of correct answers does not matter (all questions are awarded equally).
Each test results with k correct guesses has a probability of(

1

4

)k (
3

4

)20−k

.

There are
(
n
k

)
= Ck

n = n!
k!(n−k)! ways to choose the order of correct answers (here n = 20). Thus, the

probability to correctly guess exactly k answers is(
n

k

)(
1

4

)k (
3

4

)n−k

.

To account for different values of k = 10, . . . , 20, we add up these probabilities and receive the final answer

n=20∑
k=10

(
n

k

)(
1

4

)k (
3

4

)n−k

= 0.014.

2 Random variables

Exercise 2.1. Consider a random variable X with the following probability density function and c < ∞ being
some constant:

fX(x) =

{
cx(1− x), if x ∈ (0, 1)

0, otherwise.

(a) Determine the value of the parameter c that makes fX(x) a pdf. Derive the cumulative density function
(cdf) of X.

(b) Derive mean, variance, skewness, and kurtosis of X.

(c) Consider another random variable Y = X3, and derive its pdf.

(d) Derive mean, variance, skewness, and kurtosis of Y .

(e) For g(x) = x3 compare E[g(X)] and g(E[X]). What about z(x) = x
1
3 ?

(f) Determine the value of c that makes f(x) = c · e−|x|, −∞ ≤ x ≤ ∞ a pdf.

Solution.

(a) By the definition of the pdf,∫ 1

0

x(1− x)dx =

∫ 1

0

(x− x2)dx =

∫ 1

0

xdx−
∫ 1

0

x2dx

=
x2

2

∣∣∣1
0
− x3

3

∣∣∣1
0
=

1

2
− 0− 1

3
+ 0 =

1

6
.

Thus, we need c = 6 for the pdf to integrate to 1 over the entire support.

By the definition of the cdf,

FX(x) =

∫ x

0

6x(1− x)dx

= 6

(
x2

2

∣∣∣x
0
− x3

3

∣∣∣x
0

)
= 6

(
3x2 − 2x3

6

)
= 3x2 − 2x3,

so that

FX(x) =


1, if x ≥ 1,

3x2 − 2x3, if x ∈ (0, 1),

0, if x ≤ 0.
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(b) Again by the definition, we derive

• mean: E[X] =

∫ ∞

−∞
xfX(x)dx =

∫ 1

0

6x2(1− x)dx = 6

(
x3

3

∣∣∣1
0
− x4

4

∣∣∣1
0

)
= 6

(
1

3
− 1

4

)
= 0.5,

• variance2: var [X] = E[(X − E[X])2] = E[X2] − E[X]2 = 0.3 − (0.5)2 = 0.05, because the second
moment is

E[X2] =

∫ 1

0

6x3(1− x)dx = 6

(
x4

4

∣∣∣1
0
− x5

5

∣∣∣1
0

)
= 6

(
1

4
− 1

5

)
= 0.3,

• skewness, κ3, which is a rescaled version of the third centered moment:

E[(X − E[X])3] =

∫ 1

0

(x− E[x])3fX(x)dx =

∫ 1

0

(x− 0.5)36x(1− x)dx

= 6

∫ 1

0

(x3 − 1.5x2 + 0.75x− 0.125)x(1− x)dx

= 6

(
−x6

6
+

x5

2
− 9x4

16
+

7x3

24
− x2

16

) ∣∣∣∣∣
1

0

= 0,

so that the skewness is

κ3 =
E[(X − E[X])3]

(E[(X − E[X])2])
3
2

= 0.

• kurtosis, κ4, which is a rescaled version of the forth moment,

E[(X − E[X])4] =

∫ 1

0

(x− E[x])4fX(x)dx =

∫ 1

0

(x− 0.5)46x(1− x)dx

= 6

(
−x7

7
+

x6

2
− 7x5

10
+

x4

2
− 3x3

16
+

x2

32

) ∣∣∣∣∣
1

0

≈ 0.005,

so that the kurtosis is

κ4 =
E[(X − E[X])4]

(E[(X − E[X])2])2
≈ 2.14.

Note that the skewness is equal to zero, the fact that follows from the symmetry of the distribution
(important case is a normal distribution).

If skewness is positive, the distribution is positively skewed or skewed right, meaning that the right
tail of the distribution is longer than the left. If skewness is negative, the distribution is negatively
skewed or skewed left, meaning that the left tail is longer. If skewness = 0, the distribution is
perfectly symmetrical.

Kurtosis is a measure of the combined sizes of the two tails. If the kurtosis is greater than 3, then
the distribution has heavier tails than a normal distribution (more in the tails). If the kurtosis is
less than 3, then the distribution has lighter tails than a normal distribution (less in the tails). For a
normal distribution we have kurtosis equal to 3 (again important example, remember it). Note that
kurtosis is always greater or equal to 0.

(c) Let us proceed by the definition of a cdf,

FY (y) = P(Y ≤ y) = P(X3 ≤ y) = P(X ≤ y1/3)

=

∫ y1/3

0

6x(1− x)dx = (3x2 − 2x3)
∣∣∣y1/3

0
= 3y2/3 − 2y.

Note that the support does not change, since g(0) = 0 and g(1) = 1. The full answer would be:

FY (y) =


1, if y ≥ 1,

3y2/3 − 2y, if y ∈ (0, 1),

0, if y ≤ 0.

2Note that you can also proceed by the definition var [X] =
∫ 1
0 (x− E[x])2fX(x)dx.
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The first equality is the definition; the second equality uses our transformation g(x) = x3; the third
inequality applies the inverse g−1(x) = x1/3 which is increasing on the support of X (0, 1) (and thus,
preserves the order); the fourth inequality is again a definition.

Using the definition, we can also calculate the pdf,

fY (y) =
dFY (y)

dy
= 2y−1/3 − 2,

for y ∈ (0, 1) and 0 otherwise.

(d) Again by the definition,

• mean: E[Y ] =

∫ ∞

−∞
yfY (y)dy = 0.2,

• variance: var [Y ] =

∫ ∞

−∞
(y − E[y])2fY (y)dy =

13

300
≈ 0.04,

• skewness: κ3[Y ] =
E[(X − E[X])3]

E[(X − E[X])2]
3
2

=
63

5500

( 13
300 )

3
2

≈ 1.27,

• kurtosis: κ4[Y ] =
E[(X − E[X])4]

E[(X − E[X])2]2
=

713
96250

( 13
300 )

2
≈ 3.95.

(e) Here, the following result is useful:

Theorem 2.2 (Jensen’s inequality). For any random variable X, if g(x) is a convex function, then

g(E[X]) ≤ E[g(X)].

If g(x) is a concave function, the inequality is reversed.

Proof. We focus on the convex case. Let a + bx be the tangent line to g(x) at x = E[X]. Since g(x) is
convex, g(x) ≥ a+ bx. Evaluating at x = X and taking expectations, we find

E[g(X)] ≥ a+ bE[X] = g(E[X])

as claimed.

Now, we have

E[g(X)] =

∫ ∞

−∞
g(x)fX(x)dx =

∫ 1

0

x36x(1− x)dx = 0.2,

g(E[X]) = g(0.5) = 0.53 = 0.125.

so E[g(X)] > g(E[X]) in line with Theorem 2.2.

For z(x) = x1/3 we have

E[z(X)] =

∫ ∞

−∞
z(x)fX(x)dx =

∫ 1

0

x1/36x(1− x)dx ≈ 0.77,

z(E[X]) = z(0.5) = 0.5
1
3 ≈ 0.79,

so E[z(X)] < z(E[X]). It is, again, in line with Theorem 2.2 because z(x) is concave.

(f)
∫∞
−∞ e−|x|dx =

∫ 0

−∞ exdx +
∫∞
0

e−xdx = 1 + 1 = 2, so we need c =
1

2
for pdf to integrate to 1 over the

entire support. Non-negativity is obvious.

Exercise 2.3. In each of the following find the pdf of Y , and show that the pdf integrates to 1.

(a) Y = X3 and fX(x) = 42x5(1− x), 0 < x < 1,

(b) Y = 4X + 3 and fX(x) = 7e−7x, 0 < x < ∞,

(c) Y = X2 and fX(x) = 30x2(1− x)2, 0 < x < 1.

7



Solution. Here, two following results are useful (we state them separately even though Theorem 2.5 is used
in the proof of Theorem 2.4):

Theorem 2.4 (Monotonic transformation). If X has a pdf fX(x), fX(x) is continuous on its support X , g(x)
is strictly monotone, and g−1(y) is continuously differentiable on Y, then for y ∈ Y

fY (y) = fX
(
g−1(y)

)
J(y), J(y) :=

∣∣∣∣ ddy g−1(y)

∣∣∣∣ .
Theorem 2.5. Let X and Y = g(X) be two random variables, X and Y be their supports, and let FX(x) be
the cdf of X.

(a) If g is increasing in X , we have FY (y) = FX(g−1(y)) for all y ∈ Y.

(b) If g is decreasing in X and X is a continuous random variable, we have FY (y) = 1− FX(g−1(y)) for all
y ∈ Y.

(a) We have that y = g(x) = x3, g‘(x) = 3x2 so g(x) is monotone and increasing. If 0 < x < 1 then

[g(0) = 0] < [g(x) = y] < [g(1) = 1], thus 0 < y < 1 is our new support. g−1(y) = y
1
3 ,

d

dy
g−1(y) =

1

3
y−

2
3 .

Applying Theorem 2.4, we have

fY (y) = fX
(
g−1(y)

) ∣∣∣∣ ddy g−1(y)

∣∣∣∣ = 42y
5
3

(
1− y

1
3

)(1

3
y−

2
3

)
= 14y − 14y

4
3

for 0 < y < 1 and 0 otherwise. It is a valid pdf, since∫ 1

0

14y − 14y
4
3 dy = 7y2 − 6y

7
3 |10 = 1− 0 = 1.

(b) An alternative way how to compute transformations is by using the cdf of the random variable. First, we
derive the cdf as

FX(x) =

∫ x

0

7e−7xdx = −e−7x
∣∣∣x
0
= −e−7x + e0 = 1− e−7x,

and then y = g(x) = 4x + 3, g‘(x) = 4 > 0 so g(x) is monotone and increasing, and g−1(y) =
y − 3

4
. If

0 < x < ∞ then [g(0) = 3] < [g(x) = y] < [g(∞) = ∞], thus 3 < y < ∞ is our new support. Now apply
Theorem 2.5 to get

FY (y) = FX(g−1(y)) = 1− e−
7
4 (y−3)

for 3 < y < ∞ and 0 otherwise. From here, we can differentiate to come to the pdf,

fY (y) =
dFY (y)

dy
=

7

4
e−

7
4 (y−3)

for 3 < y < ∞ and 0 otherwise. It is a valid pdf, since∫ ∞

3

7

4
e−

7
4 (y−3)dy = −e−

7
4 (y−3)|∞3 = 0− (−1) = 1.

(c) Yet another alternative, is to proceed ”by definition”: note that with g(x) = x2 and 0 < x < 1 we have
[g(0) = 0] < [g(x) = y] < [g(1) = 1], thus 0 < y < 1 is our new support. By definition, FY (y) = P(Y <
y) = P(X <

√
y) = FX(

√
y). In this step we find a region in X such that Y < y holds. Differentiate both

sides with respect to y (come to pdfs) to receive

fY (y) =
1

2
√
y
fX(

√
y) =

1

2
√
y
30(

√
y)2(1−√

y)2 = 15y
1
2 (1− y

1
2 )2

for 0 < y < 1 and 0 otherwise. It is a valid pdf, since∫ 1

0

15y
1
2 (1− y

1
2 )2dy =

∫ 1

0

15y
1
2 − 30y + 15y

3
2 dy = 15

2

3
− 30

1

2
+ 15

2

5
= 1.
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3 Parametric distributions

Exercise 3.1. Consider the following:

(a) Derive the moment-generating function (mgf) of B(n, p) distribution.

(b) Consider the following setup: It has been determined that 5% of drivers checked at a road stop show
traces of alcohol and 10% of drivers checked do not wear seat belts. Assume that the two infractions are
independent from one another. If an officer stops five drivers at random: (i) calculate the probability that
exactly three of the drivers have committed any one of the two offenses, (ii) calculate the probability that
at least one of the drivers checked has committed at least one of the two offenses.

(c) Derive the mgf of Poisson(λ) distribution with parameter λ.

(d) Find mean and variance.

(e) Discuss the connection between Poisson(λ) and B(n, p).

(f) Consider the following setup: In the manufacture of glassware, bubbles can occur in the glass which
reduces the status of the glassware to that of a low quality. If, on average, one in every 1000 items
produced has a bubble, calculate the probability that exactly six items in a batch of three thousand are
of a low quality.

Solution.

(a) First, note that the pmf of B(n, p) is f(x) = Cx
np

x(1 − p)n−x, where x ≥ 0 is an integer, and p is a
probability of a success. The mgf is then

MX(t) = E[etX ] =

n∑
x=0

etxCx
np

x(1− p)n−x =

n∑
x=0

Cx
n(pe

t)x(1− p)n−x = [pet + (1− p)]n,

where the last equality uses the binomial formula
∑n

x=0 C
x
nu

xvn−x = (u+ v)n with u = pet and v = 1−p.
You can check that E[X] = np and var [X] = np(1− p) by using this mgf.

(b) Denote X the number of drivers who have committed any one of the two offenses; A meaning a driver
shows traces of alcohol, and B meaning a driver does not wear a seat belt. We have

P(A ∪B) = P(A) + P(B)− P(A ∩B) = 0.05 + 0.1− 0.05 · 0.1 = 0.145 := p.

n is 5 so we are having B(n = 5, p = 0.145). Then for (i), we have P(X = 3) = C3
5 (0.145)

3(1−0.145)5−3 =
0.0223.

For (ii), use the rule that P(at least one) = 1−P(no one). The resulting probability is 1−C0
5 (1−0.145)5 =

0.543.

(c) First, note that the pmf is f(x) =
λxe−λ

x!
, where x ≥ 0 is an integer and λ is a positive constant. We have

MX(t) = E[etX ] =

∞∑
x=0

λxe−λ

x!
etx = e−λ

∞∑
x=0

(etλ)x

x!
= e−λee

tλ = eλ(e
t−1),

where the fourth equality uses power series expansion of exponential function ex =

∞∑
n=0

xn

n!
= 1+x+

x2

2!
+

x3

3!
+ . . ., which is valid ∀x ∈ R.

(d) To compute any nth moment, differentiate the mgf w.r.t. t n times and evaluate the derivative at t = 0,

E[Xn] =
dnMX(t)

dtn

∣∣∣
t=0

.
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For our needs, we require the first and the second moment. We have

E[X] =
deλ(e

t−1)

dt

∣∣∣
t=0

= eλ(e
t−1)λet|t=0 = eλ(1−1)λe0 = λ,

E[X2] =
d2eλ(e

t−1)

dt2

∣∣∣
t=0

= eλ(e
t−1)λetλet + eλ(e

t−1)λet|t=0 = λ2 + λ,

var [X] = E[X2]− E[X]2 = λ2 + λ− λ2 = λ.

(e) Binomial probabilities can be approximated by Poisson probabilities (the latter are easier to calculate).
Approximation is valid if n is large and np is small. To get the result, consider X ∼ B(n, p) and Y ∼
Poisson(λ) with λ = np. The approximation is then defined as having P (X = x) ≈ P (Y = x) for
large n and small np. Formally, we show the result if we show that their mgfs converge, thus having
FX(u) = FY (u) for all u (see Theorem 2.3.11 in Casella & Berger).

Define p =
λ

n
, let n → ∞, and look at the limit of MX(t),

MX(t) = [pet + (1− p)]n = [1 + p(et − 1)]n =

[
1 +

λ(et − 1)

n

]n
→ eλ(e

t−1) = MY (t),

where the limit uses the fact that limn→∞

(
1 +

an
n

)n
= ea with a = limn→∞ an .

(f) Denote X the number of items with bubbles (low quality). Clearly, X ∼ B(n = 3000, p = 0.001), so we
are in the context where n is large and np is small. Thus, the Poisson approximation should be accurate.

Then λ = np = 3000 · 0.001 = 3 and P(X = 6) ≈ λxe−λ

x!
=

36e−3

6!
≈ 0.0498 · 1.0125 ≈ 0.05041. Using any

statistical programming language, we can compute the exact probability, which is 0.050384.

Note: remember the usual interpretation of Poisson as the number of occurrences in a given interval for which
the average rate of occurrences is λ (think of an example with a student waiting for a bus at a bus stop).

Exercise 3.2. A random point (X,Y ) is distributed uniformly on the square with vertices (1, 1), (1,−1),
(−1, 1), and (−1,−1). That is, the joint pdf is f(x, y) = 1

4 on the square.

(a) Determine the probabilities of the following events: (i) X2 + Y 2 < 1, (ii) 2X − Y > 0, (iii) |X + Y | < 2.

(b) Derive the marginal and the conditional densities of X. What would you conclude regarding the same
densities of Y ?

(c) A and B agree to meet at a certain place between 1 PM and 2 PM. Suppose they arrive at the meeting
place independently and randomly during the hour. Find the distribution of the length of time A waits
for B. If B arrives before A, define A‘s waiting time as 0.

Solution.

(a) The easiest way to proceed in this example is to invoke the geometric interpretation of events and proba-
bilities and compare areas on a square. The total area is equal to 2 · 2 = 4.

For (i), the condition is true only in a circle of radius one which can be summarized by the inequality
x2 + y2 ≤ 1. The area of this circle is equal to π · r2 = π. The the probability of the event will equal to
the ratio of the area of the event (circle) to the total area (square). Thus, P(X2 + Y 2 < 1) = π/4.

For (i), the condition may be rearranged as 2x > y. The corresponding area is the one below the line
y = 2x. Due to symmetry (or using graphical argument) one can conclude that the area is exactly the
half of the initial square. Thus, P(2X − Y > 0) = 2/4 = 1/2.

(iii) is straightforward, because 2 is an upper bound for |X +Y | when X ∈ [−1, 1] and Y ∈ [−1, 1]. Thus,
P(|X + Y | < 2) = 1.

(b) Start with the marginal distribution of X. By definition:

fX(x) =

∫ ∞

−∞
fX,Y (x, y)dy =

∫ 1

−1

1

4
dy =

1

4
y
∣∣∣1
−1

=
1

4
+

1

4
=

1

2
.

10



Thus, the marginal density of X is equal to 1/2 on the support X ∈ [−1, 1] and we conclude that
X ∼ U [−1, 1]. Due to symmetry, the same conclusion is valid for the marginal density of Y .

Conditional density of X given Y is by definition

fX|Y (x|y) =
fX,Y (x, y)

fY (y)
=

1
4
1
2

=
1

2

when Y ∈ [−1, 1] and X ∈ [−1, 1], and 0 in other cases. Thus, X|Y ∼ U [−1, 1] and the conditional
distribution is the same as the marginal distribution. The convenience is easy to ruin. For example, one
may rotate (45◦) the square around (0, 0) point and work out the integration to see the result (concen-
trate on bounds of integration). Note that here fX,Y (x, y) = fX(x)fY (y), so X and Y are statistically
independent.

(c) Let A = time that A arrives and B = time that B arrives. The random variables A and B are independent
U [1, 2]. Their properties (except the support) will not change if we preserve the length of the interval and
look at U [0, 1] instead (the problem is the same for 1 PM – 2 PM, 2 PM – 3 PM, 12 PM – 1 PM). So we can
consider joint pdf which is uniform on the square (0, 1)×(0, 1). Define X = amount of time A waits for B .
Then if x < 0, FX(x) = P(X ≤ x) = 0, and if x > 1, FX(x) = P(X ≤ x) = 1.

For x = 0 (B is first), we have

FX(0) = P(X = 0) = P(B ≤ A) =

∫ 1

0

∫ a

0

1dbda =

∫ 1

0

b
∣∣∣a
0
da =

∫ 1

0

ada =
a2

2

∣∣∣1
0
=

1

2
.

If 0 < x < 1,

FX(x) = P(X ≤ x) = 1− P(X > x) = 1− P(B −A > x)

= 1−
∫ 1−x

0

∫ 1

a+x

1dbda = 1−
∫ 1−x

0

b
∣∣∣1
a+x

da = 1−
∫ 1−x

0

1− a− xda = 1−
(
a− a2

2
− xa

) ∣∣∣1−x

0

= 1−
(
1− x− (1− x)2

2
− x+ x2

)
=

1

2
+ x− x2

2
.

The answer should be concluded with the full description of the cdf which combines all results obtained.

Exercise 3.3. Consider the following:

(a) Show that cov (X, c) = 0 for any random variable X with finite mean and any constant c.

(b) Let X and Y be independent random variables with means µX , µY and variances σ2
X , σ2

Y . Find an
expression for the correlation of XY and Y in terms of these means and variances.

(c) Let X1, X2, and X3 be uncorrelated random variables, each with mean µ and variance σ2. Find, in terms
of µ and σ2, cov (X1 +X2, X2 +X3) and cov (X1 +X2, X1 −X2).

(d) Prove that for any random vector (X1, . . . , Xn) the following holds:

var

(
n∑

i=1

Xi

)
=

n∑
i=1

var (Xi) + 2
∑

1≤i<j≤n

cov (Xi, Xj).

Solution.

(a) cov (X, c) = E[Xc]− E[X]E[c] = cE[X]− cE[X] = 0.

(b) We have

ρXY,Y =
cov (XY, Y )

σXY σY
=

E[XY 2]− µXY µY

σXY σY
=

E[X]E[Y 2]− µXµY µY

σXY σY
=

µX(σ2
Y + µ2

Y )− µXµ2
Y

σXY σY

where the last line uses independence of X and Y . The remaining quantity is

σ2
XY = E[(XY )2]− (E[XY ])2 = E[X2]E[Y 2]− (E[X])2(E[Y ])2

= (σ2
X + µ2

X)(σ2
Y + µ2

Y )− µ2
Xµ2

Y = σ2
Xσ2

Y + σ2
Xµ2

Y + σ2
Y µ

2
X .

Thus, ρXY,Y =
µX(σ2

Y + µ2
Y )− µXµ2

Y

σY

√
σ2
Xσ2

Y + σ2
Xµ2

Y + σ2
Y µ

2
X

=
µXσY√

σ2
Xσ2

Y + σ2
Xµ2

Y + σ2
Y µ

2
X

.
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(c) cov (X1 +X2, X2 +X3) = E[(X1 +X2)(X2 +X3)]− E[X1 +X2]E[X2 +X3] = (4µ2 + σ2)− 4µ2 = σ2,

cov (X1 +X2, X1 −X2) = E[(X1 +X2)(X1 −X2)]− E[X1 +X2]E[X1 −X2] = E[X2
1 −X2

2 ] = 0.

(d) Denote µi = E(Xi). Then

var

(
n∑

i=1

Xi

)
= var (X1 + . . .+Xn)

= E
[
((X1 + . . .+Xn)− (µ1 + . . .+ µn))

2
]

= E[((X1 − µ1) + . . .+ (Xn − µn))
2]

=

n∑
i=1

E[(Xi − µi)
2] + 2

∑
1≤i<j≤n

E[(Xi − µi)(Xj − µj)]

=

n∑
i=1

var (Xi) + 2
∑

1≤i<j≤n

cov (Xi, Xj)

Exercise 3.4. Consider the following:

(a) Let Z be a random variable with pdf f(z). Define zα to be a number that satisfies α = P(Z > zα) =∫ ∞

zα

f(z)dz. Show that if X is a random variable with pdf
1

σ
f

(
x− µ

σ

)
and xα = σzα + µ, then

P(X > xα) = α. (Thus if a table of zα values was available, then values of xα could be easily computed
for any member of the location-scale family).

(b) The average number of acres burned by forest and range fires in a large New Mexico county is 4300 acres
per year, with a standard deviation of 750 acres. The distribution of the number of acres burned is normal.
What is the probability that between 2500 and 4200 acres will be burned in any given year? What number
of burnt acres corresponds to the 38th percentile? 87th percentile?

Theorem 3.5. Let f(·) be any pdf. Let µ be any real number, and let σ be any positive real number.

Then X is a random variable with pdf
1

σ
f

(
x− µ

σ

)
if and only if there exists a random variable Z with

pdf f(z) and X = σZ + µ.

(c) Smirnov transform. Let X be a continuous random variable whose distribution function FX is strictly
increasing on the domain of X. Let U = FX(X) (transformation that applies FX(·) to X). What is the
distribution of U? How one can exploit this fact to simulate independent realizations of X?

Solution.

(a) P(X > xα) = P(σZ+µ > σzα+µ) = P(Z > zα). The conclusion about X = σZ+µ comes from Theorem
3.5.

(b) Let X be the number of acres burned by forest and range fires per year. X ∼ N (µ, σ), µ = 4300, σ = 750.
Then

P(2500 < X < 4200) = P
(
2500− µ

σ
<

X − µ

σ
<

4200− µ

σ

)
= P(−2.40 < Z < −0.13) = P (Z < −0.13)− P (Z < −2.40)

= Φ(−0.13)− Φ(−2.40) = 1− Φ(0.13)− (1− Φ(2.40))

= Φ(2.40)− Φ(0.13) = 0.9918− 0.5517 = 0.4401.

Because Z = X−µ
σ ∼ N (0, 1) and cdf of Z is denoted as Φ(Z).

Denote 38th percentile by p38, P(X < p38) = 0.38. It holds that P
(

X−µ
σ < p38−µ

σ

)
= P

(
Z < p38−µ

σ

)
=

0.38. Since the probability is less then 0.5, we are in the negative part of the distribution. So P(Z <
p38−µ

σ ) = Φ(p38−µ
σ ) = 1−Φ(−p38−µ

σ ) = 0.38. From here, Φ(−p38−µ
σ ) = 1− 0.38 = 0.62, so −p38−µ

σ = 0.31.
Finally, p38 = µ− 0.31σ = 4300− 0.31 · 750 = 4067.5.

For the 87th percentile, it is evident from table that for Z the value is 1.13. Then for X we have
4300 + 1.13 · 750 = 5147.5.
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(c) P(U < u) = P(FX(X) < u) = P(X < F−1
X (u)) = FX(F−1

X (u)) = u. Since cdf returns values from [0, 1],
we conclude that the cdf of the transformation is

FU (u) =


1, if u > 1,

u, if u ∈ [0, 1],

0, if u < 0,

so U is uniform random variable on [0, 1].

The result states that we can take any cdf (well-behaved, meaning invertible and for this we require FX(x)
to be strictly monotone, because it implies that the function is bijective and this is enough for it to be
invertible), apply it as a transformation on the random variable with the chosen cdf and receive a uniform
random variable on [0, 1]. But we can go in the opposite direction because of the invertibility of the
transformation. So we can simulate independent random variables having distribution function FX by
simulating U , a uniform random variable on [0, 1], and then taking X = F−1

X (U). The advantage is that
uniform is very easy to simulate. Note that for any distribution it is highly likely that there are more
efficient (in terms of computations) ways to do the simulation, but the results is nice and it may help to
appreciate other similar algorithms. One of the important drawbacks of this algorithm is that some cdfs
are invertible but the inverse has no closed form solution (for example, normal cdf).

Exercise 3.6. A point is generated at random in the plane according to the following polar scheme: a radius
R is chosen, where the distribution of R2 is χ2 with 2 degrees of freedom; independently, an angle θ is chosen,
where θ ∼ U(0, 2π). Find the joint distribution of X = R cos θ and Y = R sin θ.

Solution. Since R and θ are independent, the joint pdf of T = R2 and θ is

fT,θ(t, θ) = fT (t)fθ(θ) =
1

4π
e−t/2

with 0 < t < ∞ and 0 < θ < 2π.
The transformation is x =

√
t cos θ, y =

√
t sin θ which is one-to-one (note that we take a 2 × 1 vector and

transform it into a 2 × 1 vector). From here t = x2 + y2 (first component of g−1(x, y)) and θ = arctan(y/x)
(second component). We also need the Jacobian (actually, we need only the absolute value of the determinant
of this matrix) of the inverse transformation:

J =


∂g−1

1 (x, y)

∂x

∂g−1
1 (x, y)

∂y
∂g−1

2 (x, y)

∂x

∂g−1
2 (x, y)

∂y

 =

 2x 2y
−y

x2 + y2
x

x2 + y2

 .

Derivatives of g−1
1 (x, y) are obvious. For g−1

2 (x, y) = arctan(y/x) we have

∂ arctan(y/x)

∂x
= − y

x2

1

1 + y2

x2

=
−y

x2 + y2
,

∂ arctan(y/x)

∂y
=

1

x

1

1 + y2

x2

=
1

x

x2

x2 + y2
=

x

x2 + y2
.

The absolute value of the determinant is |det(J)| = 2. Now we combine the ingredients using Theorem 3.1,

fX,Y (x, y) =
1

2π
e−

1
2 (x

2+y2)

with −∞ < x, y < ∞. From here it should be clear that X and Y are independent standard normals. One may
want to work out the marginal density of X or Y to convince yourself,

fX(x) =

∫ ∞

−∞

1

2π
e−

1
2 (x

2+y2)dy =
1

2
√
π
e−

1
2x

2

∫ ∞

−∞

1

2
√
π
e−

1
2y

2

dy =
1

2
√
π
e−

1
2x

2

for −∞ < x < ∞. This is because in the last equality we integrate N (0, 1) over the entire support.

Exercise 3.7. Let X, Y , and Z be discrete random variables. Show the following generalizations of the law of
iterated expectations:

(a) E[Z] = E[E[Z|X,Y ]],
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(b) E[Z|X] = E[E[Z|X,Y ]|X],

(c) E[Z] = E[E[E[Z|X,Y ]|X]].

We start with a stick of length l. We break it at a point which is chosen randomly and uniformly over its length,
and keep the piece that contains the left end of the stick. We then repeat the same process on the piece that
we were left with.

(a) What is the expected value of the length of the piece that we are left with after breaking twice?

(b) What is the variance of the length of the piece that we are left with after breaking twice?

Solution. In the following we are going to use two very important results:

Theorem 3.8 (Law of iterated expectations). If E|Y | < ∞, then E[E[Y |X]] = E[Y ].

Theorem 3.9 (Law of total variance). var [Y ] = E[var [Y |X]] + var [E[Y |X]].

(a) We begin by writing the definition for E[Z|X,Y ]

E[Z|X = x, Y = y] =
∑
z

zfZ|X,Y (z|x, y).

Since E[Z|X,Y ] is a function of the random variables X and Y , and is equal to E[Z|X = x, Y = y]
(number) whenever X = x and Y = y, which happens with probability fX,Y (x, y), using the rules for
manipulations with expectations, we have

E[Z|X,Y ] =
∑
x

∑
y

E[Z|X = x, Y = y]fX,Y (x, y)

=
∑
x

∑
y

∑
z

zfZ|X,Y (z|x, y)fX,Y (x, y)

=
∑
x

∑
y

∑
z

zfX,Y,Z(x, y, z)

= E[Z].

(b) Using the same definition of E[Z|X,Y ] as in (a) we additionally condition on the event X = x:

E[E[Z|X,Y = y]|X = x] =
∑
y

E[Z|X = x, Y = y]fY |X(y|x)

=
∑
y

∑
z

zfZ|X,Y (z|x, y)fY |X(y|x)

=
∑
y

∑
z

zfY,Z|X(y, z|x)

= E[Z|X = x].

Since this is true for all possible values of x, we have E[Z|X] = E[E[Z|X,Y ]|X]. One may generalize this
result for 3+ conditions and refer to it as ”the smaller information set always prevails”.

(c) Take expectations of both sides of the results from part (b) to obtain

E[E[Z|X]] = E[E[E[Z|X,Y ]|X]]

By the law of iterated expectations, the left-hand side above is E[Z], which establishes the desired result.

Let Y be the length of the piece after we break for the first time. Let X be the length after we break for
the second time.

(a) The law of iterated expectations states that E[X] = E[E[X|Y ]], and we have E[X|Y ] = Y
2 and E[Y ] = l

2 .
So then

E[X] = E[E[X|Y ]] = E
[
Y

2

]
=

1

2
E[Y ] =

1

2

l

2
=

l

4
.
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(b) Recall that the variance of a uniform random variable distributed over [a, b] is (b−a)2

12 . Since Y is uniformly

distributed over [0, l], we have var [Y ] = l2

12 , var [X|Y ] = Y 2

12 . We know that E[X|Y ] = Y
2 , and so

var [E[X|Y ]] = var

[
Y

2

]
=

1

4
var [Y ] =

l2

48
.

Also,

E[var [X|Y ]] = E
[
Y 2

12

]
=

∫ l

0

y2

12
fY (y)dy =

1

12

1

l

∫ l

0

y2dy =
l2

36
.

If we combine the results we have,

var [X] = E[var [X|Y ]] + var [E[X|Y ]] =
l2

36
+

l2

48
=

7l2

144
.

4 Finite-sample properties

Exercise 4.1. Assume that Xi are i.i.d. with E[Xi] = µ and var [Xi] = σ2. Define the sample average as
X̄n = 1

n

∑n
i=1 Xi with i = 1, . . . , n.

(a) Find E[X̄n].

(b) Find var [X̄n].

(c) Show that

E
[√

n(X̄n − µ)

σ

]
= 0 and var

[√
n(X̄n − µ)

σ

]
= 1.

Solution.

(a) Plug in the sample average into the expectation operator and use the property of linearity,

E[X̄n] = E

[
1

n

n∑
i=1

Xi

]
=

1

n

n∑
i=1

E[Xi] =
1

n
· nµ = µ.

(b) Similarly,

var [X̄n] = var

[
1

n

n∑
i=1

Xi

]
=

1

n2

n∑
i=1

var [Xi] =
1

n2
· nσ2 =

σ2

n
.

Notice, there are no covariance terms due to the fact that data are i.i.d.

(c) First, put the constants out of the expectation and then plug in known expressions from (a) and (b),

E
[√

n(X̄n − µ)

σ

]
=

√
n

σ
E
[
(X̄n − µ)

]
=

√
n

σ
(µ− µ) = 0,

and similarly for the variance,

var

[√
n(X̄n − µ)

σ

]
=

n

σ2
var [(X̄n)− µ] =

n

σ2
var [X̄n] =

n

σ2

σ2

n
= 1.

Thus, the normalization of X̄n in the Central Limit Theorem gives random variables that have the same
mean and variance as the limiting N (0, 1) distribution.

Exercise 4.2. Assume that Xi ∼ N (µx, σ
2
x) with i = 1, . . . , nx, Yi ∼ N (µy, σ

2
y) with i = 1, . . . , ny and Xi ⊥ Yi.

(a) Find E[X̄n − Ȳn].

(b) Find var [X̄n − Ȳn].

(c) Find the distribution of X̄n − Ȳn.

(d) Find the distribution of X̄n + Ȳn.
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(e) Find the distribution of Sx =
nxσ̂2

x

σ2
x

where σ̂2
x = 1

n

∑nx

i=1(Xi − X̄n)
2 is the sample variance.

(f) Find the distribution of
nxσ̂2

x

(nx − 1)σ2
x

/
nyσ̂2

y

(ny − 1)σ2
y

using the following theorem:

Theorem 4.3 (Ratio of χ2 as F -distribution). Let Z1 ∼ χ2
m, Z2 ∼ χ2

p where m, p ∈ N and Z1 ⊥ Z2.
Then

Z1

m

/
Z2

p
∼ F (m, p) ,

that is, ratio has an F -distribution with m and p degrees of freedom.

Which kind of hypothesis could we test using the statistic above?

Solution.

(a) From Problem 1 we know that
E[X̄n − Ȳn] = µx − µy.

(b) By definition and using the results from Problem 1,

var [X̄n − Ȳn] = var [X̄n] + var [Ȳn]− 2cov [X̄n, Ȳn]

=
σ2
x

nx
+

σ2
y

ny
− 2

nxny

nx∑
i=1

ny∑
j=1

cov [Xi, Yj ]

=
σ2
x

nx
+

σ2
y

ny

due to the fact of the independence,

cov [Xi, Yj ] = E[XiYj ]− E[Xi]E[Yj ] = E[Xi]E[Yj ]− E[Xi]E[Yj ] = 0.

(c) From the property of the normal random variables, we conclude that the sum of the independent normal
random variables is normal. Hence, X̄n and Ȳn are both normal. Using the results from (a) and (b) we
conclude that

X̄n − Ȳn ∼ N

(
µx − µy,

σ2
x

nx
+

σ2
y

ny

)
.

(d) By similar arguments,

X̄n + Ȳn ∼ N

(
µx + µy,

σ2
x

nx
+

σ2
y

ny

)
.

Notice that the sign influences only the expectation, since it is a linear operator.

(e) Here, I omit x indices to simplify the notation. First, rewrite the expression for σ̂2 so that it contains the
true value µ. It will be useful later when computing S directly. First, add and subtract µ,

n∑
i=1

(Xi − X̄n)
2 =

n∑
i=1

[
(Xi − µ)− (X̄n − µ)

]2
=

n∑
i=1

(Xi − µ)2 − 2(X̄n − µ)

n∑
i=1

(Xi − µ) +

n∑
i=1

(X̄ − µ)2

=

n∑
i=1

(Xi − µ)2 − 2(X̄n − µ) · n · (X̄n − µ) + n(X̄n − µ)2

=

n∑
i=1

(Xi − µ)2 − n(X̄n − µ)2

=

n∑
i=1

(Xi − µ)2 −
n∑

i=1

(X̄n − µ)2.
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Hence, we can write

σ̂2 =
1

n

n∑
i=1

(Xi − µ)2 − (X̄n − µ)2. (1)

Next, denote Zi =
Xi−µ

σ ∼ N (0, 1) to be a standardized random variable. Also, denote its sample average
as

Z̄n =
1

n

n∑
i=1

Xi − µ

σ
=

1

n

n∑
i=1

Xi −
n

n
µ

σ
=

X̄n − µ

σ
.

Because X̄n ∼ N
(
µ,

σ2

n

)
, it follows that Z̄n ∼ N

(
0,

1

n

)
and

√
nZ̄n ∼ N (0, 1). Squaring both sides and

using the fact that square of the standardized normal variable is chi-squared with 1 degree of freedom, we
have

nZ̄2
n ∼ χ2

1.

Hence, we have

S =
nσ̂2

σ2
=

n∑
i=1

Z2
i − nZ̄2

n = Qn −Q1.

We know that Zi ∼ N (0, 1) and its square is Z2
i ∼ χ2

1. Sum of n terms of Z2
i is then

∑n
i=1 Z

2
i ∼ χ2

n.
Hence, S is distributed as

S = χ2
n − χ2

1 ∼ χ2
n−1

under the condition that Q1 ⊥ S.

(f) From (e), we conclude that

nxσ̂2
x

(nx − 1)σ2
x

/
nyσ̂2

y

(ny − 1)σ2
y

∼ F (nx − 1, ny − 1).

We can test a hypothesis of the equality of the variances σ2
x and σ2

y. For example, H0 : σ2
x = σ2

y against
H1 : σ2

x ̸= σ2
y.

Exercise 4.4. Suppose that the random variables Y1, . . . , Yn satisfy

Yi = βxi + ϵi, i = 1, . . . , n,

where x1, . . . , xn are fixed constants, and ϵ1, . . . , ϵn are i.i.d. N (0, σ2) with σ2 unknown.

(a) Show that β̂ =
∑

Yi/
∑

xi is an unbiased estimator of β.

(b) Show that β̃ = [
∑

Yi/xi] /n is also an unbiased estimator of β.

(c) Calculate the exact variances of estimators from (a) and (b). Which one would you prefer?

Solution.

(a) Plug in the expression of the estimator into the expectation and simplify:

E[β̂] = E
[∑

i Yi∑
i xi

]
=

1∑
i xi

∑
i

E[Yi] =
1∑
i xi

∑
i

βxi = β.

Hence, β̂ is an unbiased estimator of β.

(b) Similarly,

E[β̃] = E

[
1

n

∑
i

Yi

xi

]
=

1

n

∑
i

E[Yi]

xi
=

1

n

∑
i

βxi

xi
= β.

Hence, β̃ is an unbiased estimator of β.
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(c) First, we calculate the variance of β̂,

var [β̂] = var

[∑
i Yi∑
i xi

]
=

1

(
∑

i xi)2

∑
i

var [Yi] =

∑
i σ

2

(
∑

i xi)2
=

nσ2

n2x̄2
=

σ2

nx̄2
.

Similarly,

var [β̃] = var

[
1

n

∑
i

Yi

xi

]
=

1

n2

∑
i

var [Yi]

x2
i

=
σ2

n2

∑
i

1

x2
i

.

To compare the variances, notice that we could compare

1

x̄2
≶

1

n

∑
i

1

x2
i

.

Because g(u) = 1/u2 is convex, using Jensen’s inequality we have

1

x̄2
≤ 1

n

∑
i

1

x2
i

.

Hence, var [β̂] ≤ var [β̃] and β̂ should be preferred.

Exercise 4.5. Assume that X1, . . . , Xn are i.i.d. with N (µ, σ2). Find a constant c that satisfies E
[
g(S2)

]
= σ

where g(S2) = c
√
S2 is the function of the sample variance.

5 Maximum likelihood estimation

Exercise 5.1. A random variable X is said to have a Pareto distribution with parameter β, denoted as
X ∼ Pareto(β), if it is continuously distributed with density

fX(x;β) =

{
βx−β−1, if x > 1,

0, otherwise.

A random sample x1, . . . , xN from the Pareto(β) population is available. Derive the maximum-likelihood esti-
mator of β. Does it maximize the log-likelihood function?

Solution. By definition and property of the likelihood function,

β̂ML = arg max
β

LN (β|x1, . . . , xN )

= arg max
β

logLN (β|x1, . . . , xN ).

Thus, for our case, log-likelihood function looks like

logLN (β|x1, . . . , xN ) =

N∑
i=1

log fX(xi;β)

=

N∑
i=1

log(β)− (β + 1) log(xi)

= N log(β)− (β + 1)

N∑
i=1

log(xi).

To obtain the maximum-likelihood estimator of β, we take the derivative w.r.t. β and set it to zero,

∂ logLN

∂β
=

N

β̂ML

−
N∑
i=1

log(xi) = 0. (2)
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From (2) we get

β̂ML =
N

N∑
i=1

log(xi)

.

To check that β̂ML is indeed the optimum, take the second derivative of the log-likelihood w.r.t. β,

∂2 logLN

∂β2

∣∣∣
β=β̂ML

= −N

β2
< 0.

Hence, our estimator maximizes the log-likelihood function.

Exercise 5.2. Suppose that the random variables Y1, . . . , Yn satisfy

Yi = βxi + ϵi, i = 1, . . . , n,

where x1, . . . , xn are fixed constants, and ϵ1, . . . , ϵn are i.i.d. N (0, σ2) with σ2 unknown. Find the MLE of β.
Is it unbiased?

Solution. Fix the value of σ2. Write the likelihood function as

LN (β|Y1, . . . , YN ) = (2πσ2)−N/2 exp

(
− β2

2σ2

N∑
i=1

x2
i

)
exp

(
− 1

2σ2

N∑
i=1

Y 2
i +

β

σ2

N∑
i=1

Yixi

)
,

and taking the logarithm, we obtain the log-likelihood function:

logLN (β|Y1, . . . , YN ) = −N

2
log(2πσ2)− β2

2σ2

N∑
i=1

x2
i −

1

2σ2

N∑
i=1

Y 2
i +

β

σ2

N∑
i=1

Yixi.

Taking the first order derivative w.r.t. β and setting it to zero, we have

∂ logLN

∂β
= − β̂ML

σ2

N∑
i=1

x2
i +

1

σ2

N∑
i=1

Yixi = 0.

From it, we obtain the MLE of β,

β̂ML =

N∑
i=1

Yixi

N∑
i=1

x2
i

.

To verify that the log-likelihood is indeed maximized, take the second order derivative w.r.t. β,

∂2 logLN

∂β2

∣∣∣
β=β̂ML

= − 1

σ2

N∑
i=1

x2
i < 0.

To check whether the estimator is biased,

E[β̂ML] = E


N∑
i=1

Yixi

N∑
i=1

x2
i

 =

N∑
i=1

E[Yi]xi

N∑
i=1

x2
i

=

N∑
i=1

βxixi

N∑
i=1

x2
i

= β,

hence, the ML estimator of β is unbiased.

Exercise 5.3. Let x1, . . . , xN be a random sample from a gamma(α, β) population.

(a) Find the MLE of β, assuming α is known.

(b) If α and β are both unknown, there is no explicit formula for the MLE of α, but the maximum can be
found numerically. How can we use the result in part (a) to reduce the problem to the maximization of a
univariate function?
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Solution.

a) Write the likelihood function as

LN (β|x1, . . . , xN ) =

N∏
i=1

1

Γ(α)βα
xα−1
i e−xi/β =

1

Γ(α)NβNα

[
N∏
i=1

xi

]α−1

e−
∑

i xi/β ,

and taking the logarithm,

logLN (β|x1, . . . , xN ) = − log Γ(α)N −Nα log β + (α− 1) log

[
N∏
i=1

xi

]
−
∑

i xi

β
.

Taking the first order derivative w.r.t. β and setting to zero, we have

∂ logLN

∂β
= − Nα

β̂ML

+

∑
i xi

β̂2
ML

= 0.

From the expression above, we get the ML estimator of β,

β̂ML =

N∑
i=1

xi

Nα
=

x̄

α
.

To check that this is a maximum, calculate

∂2 logLN

∂β2

∣∣∣
β=β̂ML

=
Nα

β2
−

2
∑

i xi

β3

∣∣∣
β=β̂ML

=
(Nα)3

(
∑

i xi)2
− 2(Nα)3

(
∑

i xi)2
= − (Nα)3

(
∑

i xi)2
< 0.

Because β̂ML is the unique point where the derivative is zero and it is a local maximum, it is a global
maximum. That is, β̂ML is the MLE.

b) Now the likelihood function is

LN (α, β|x1, . . . , xN ) =
1

Γ(α)NβNα

[
N∏
i=1

xi

]α−1

e−
∑

i xi/β ,

the same as in part (a) except α and β are both variables now. There is no closed form for the MLEs

α̂ML and β̂ML. One approach to finding α̂ML and β̂ML would be to numerically maximize the function
of two arguments. But it is usually best to do as much as possible analytically, first, and perhaps reduce
the complexity of the numerical problem. From part (a), for each fixed value of α, the value of β that
maximizes L(α, β|x1, . . . , xN ) is

∑
i xi/Nα. Substituting this into the likelihood function, we are left with

one variable α,

L(α|x1, . . . , xN ) =
1

Γ(α)N (
∑

i xi/Nα)Nα

[
N∏
i=1

xi

]α−1

e−
∑

i xi/(
∑

i xi/Nα)

=
1

Γ(α)N (
∑

i xi/Nα)Nα

[
N∏
i=1

xi

]α−1

e−Nα → max
α

.

From the problem defined above, we get the ML estimator α̂ML which can be used to compute β̂ML.

Exercise 5.4. Let x1, . . . , xN be a sample from the inverse Gaussian p.d.f.,

fX(x;µ, λ) =

(
λ

2πx3

)1/2

exp

{
−λ(x− µ)2

2µ2x

}
, x > 0.

Show that the MLEs of µ and λ are

µ̂ML = x̄, and λ̂ML =
N

N∑
i=1

1

xi
− 1

x̄

.
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Exercise 5.5 (Check the support). The independent random variables X1, . . . , XN have the common distribu-
tion

P(Xi ≤ x;α, β) =


0, if x < 0,(
x

β

)α

, if 0 ≤ x ≤ β,

1, if x > β.

where the parameters α and β are positive. Find the MLEs of α and β.

Solution. First, notice that we are given a cdf function. Hence, before constructing the likelihood function,
we should take the first derivative. In the end we obtain,

LN (α, β|x1, . . . , xN ) =

N∏
i=1

α

βα
xα−1
i 1[0,β](xi)

=

(
α

βα

)N
(

N∏
i=1

xi

)α−1 N∏
i=1

1[0,β](xi).

Notice that the common approach of finding MLE of β is not suitable, since β is not only the parameter
of the distribution, but also defines the support of the X1, . . . , XN . We can observe that for any fixed α,
LN (α, β|x1, . . . , xN ) = 0 if β < x(N), and LN (α, β|x1, . . . , xN ) is a decreasing function of β if β ≥ x(N). Thus,
x(N) is the MLE of β.

To find the MLE of α, proceed with the standard maximizing approach. Write the log-likelihood as

logLN (α, β|x1, . . . , xN ) = N log(α)−Nα log(β) + (α− 1) log

(
N∏
i=1

xi

)
+ log

(
N∏
i=1

1[0,β](xi)

)

and taking the derivative w.r.t. α and setting to zero, we are left with

∂ logLN

∂α
=

N

α̂ML
−N log(β) +

N∑
i=1

log(xi) = 0.

Plugging in the MLE of β, we have

N

α̂ML
=

N∑
i=1

log(x(N))− log(xi).

From it, the MLE of α is

α̂ML =
1

N−1
∑N

i=1 log(x(N))− log(xi)
.

Exercise 5.6. Suppose that the random variables Y1, . . . , Yn satisfy

Yi = βxi + ϵi, i = 1, . . . , n,

where x1, . . . , xn are fixed constants, and ϵ1, . . . , ϵn are i.i.d. N (0, σ2) with σ2 unknown.

a) Find the MLE of σ2.

b) Obtain the Fisher information matrix.

Solution.

a) We have already showed that the log-likelihood function looks like

logLN (β|Y1, . . . , YN ) = −N

2
log(2πσ2)− β2

2σ2

N∑
i=1

x2
i −

1

2σ2

N∑
i=1

Y 2
i +

β

σ2

N∑
i=1

Yixi (3)

21



and that the MLE of β is

β̂ML =

N∑
i=1

Yixi

N∑
i=1

x2
i

.

MLE of σ2 is found by taking the derivative of (3) w.r.t. σ2 and setting it equal to zero. We have

∂ logLN

∂σ2
= − N

2σ̂2
ML

+
1

2σ̂4
ML

N∑
i=1

(Yi − βxi)
2 = 0.

Rearranging and plugging in the MLE of β, we obtain the MLE of σ2,

σ̂2
ML =

1

N

N∑
i=1

(Yi − β̂MLxi)
2.

b) Recall that

∂ logLN

∂β
= − β

σ2

N∑
i=1

x2
i +

1

σ2

N∑
i=1

Yixi.

To construct the Fisher information matrix, we need second order derivatives of the log-likelihood function.
These are

∂2 logLN

∂β2
= − 1

σ2

N∑
i=1

x2
i ,

∂2 logLN

(∂σ2)2
=

N

2σ4
− 1

σ6

N∑
i=1

(Yi − βxi)
2,

∂ logLN

∂β∂σ2
= − 1

σ4

N∑
i=1

(Yi − βxi)xi.

Taking expectations of those above, we have

E
[
∂2 logLN

∂β2

]
= − 1

σ2

N∑
i=1

x2
i ,

E
[
∂2 logLN

(∂σ2)2

]
=

N

2σ4
− N

σ4
= − N

2σ4
,

E
[
∂ logLN

∂β∂σ2

]
= 0.

Fisher information matrix is then

I(β, σ2) =


1

σ2

N∑
i=1

x2
i 0

0
N

2σ4

 .

Exercise 5.7. Let X1, . . . , XN are identically and independently distributed as

fX(x, λ) = λ exp(−λx).

a) Find the MLE of λ.

b) Obtain the Fisher information for λ. Does the information matrix equality hold in this case?

c) Calculate the MLE of λ numerically.
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Solution.

a) By standard approach, write the likelihood function as

LN (λ|x1, . . . , xN ) =

N∏
i=1

fXi
(xi, λ)

=

N∏
i=1

λ exp(−λxi)

= λN exp

(
−λ

N∑
i=1

xi

)
.

Log-likelihood function is then

logLN (λ|x1, . . . , xN ) = N log(λ)− λ

N∑
i=1

xi.

MLE of λ is obtained by taking the derivative of the log-likelihood w.r.t. λ and setting it to zero,

∂ logLN

∂λ
=

N

λ̂ML

−
N∑
i=1

xi.

MLE of λ is then λ̂ML = 1/x̄. To check whether we are at the optimum, take the second order derivative
of the log-likelihood

∂2 logLN

∂λ2

∣∣∣
λ=λ̂ML

= − N

λ̂2
ML

< 0.

b) The Fisher information is (under regularity conditions)

I(λ) = −E
[
∂2 logLN

∂λ2

]
,

hence we have

I(λ) = N

λ2
.

To check whether the Information Matrix Equality holds, we compute the Fisher information using a
different approach:

I(λ) = N · E

[(
∂ log fXi

(xi, λ)

∂λ

)2
]
.

By taking the logarithm of the density, we have log f(x, λ) = log(λ)− λx. Taking the derivative w.r.t. λ,

∂ log f(x, λ)

∂λ
=

1

λ
− x

and squaring, (
∂ log f(x, λ)

∂λ

)2

=
1

λ2
− 2x

λ
+ x2.

From the lecture notes, moments of the random variable Xi are E[Xi] = 1/λ and var [Xi] = 1/λ2.
Calculating E[X2] = var [X] + E[X]2 = 2/λ2, we have

E

[(
∂ log f(x, λ)

∂λ

)2
]
=

1

λ2
− 2

λ2
+

2

λ2
=

1

λ2
,

so altogether,

I(λ) = N

λ2
.

c) See the code.
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6 Asymptotic theory

Exercise 6.1. Consider a random variable XN with the probability distribution

XN =


−N, with probability 1

N ,

0, with probability 1− 2
N ,

N, with probability 1
N .

a) Does XN
p→ 0 as N → +∞?

b) Calculate E[XN ] and var [XN ]. Now suppose that the distribution is

XN =

{
0, with probability 1− 1

N ,

N, with probability 1
N ,

and calculate E[XN ].

c) Is it true that if XN
p→ 0 as N → +∞, then E[XN ] → 0?

Solution.

a) For any δ > 0,

P(|XN − 0| < δ) = 1− 2

N
.

Thus,

lim
N→∞

P(|XN | < δ) = lim
N→∞

(
1− 2

N

)
= 1.

b) E[XN ] = −N · 1
N + 0 ·

(
1− 2

N

)
+N · 1

N = −1 + 1 = 0. The variance is var [XN ] = N2

N + N2

N = 2N .

In this case, we have that

E[XN ] = 0 +N · 1

N
= 1.

c) And similarly, as in the task a)

lim
N→∞

P(|XN − 0| < δ) = lim
N→∞

P(|XN | < δ) = lim
N→∞

(
1− 1

N

)
= 1.

In the first case, we saw that

XN
p→ 0 and E[XN ] = 0,

and in the second,

XN
p→ 0 and E[XN ] = 1.

Thus, we conclude that XN
p→ 0 as N → +∞ and E[XN ] → 0 are unrelated.

Exercise 6.2. Assume having a random variable Y and a random sample y1, . . . , yN . Which statistics converge
in probability by theWeak Law of Large Numbers (WLLN) and Continuous Mapping Theorem (CLT)? Existence
of which moments do we need to assume?

a)
1

N

N∑
i=1

y2i .

b)
1

N

N∑
i=1

y3i .

c) max1≤i≤N yi.

d)
1

N

N∑
i=1

y2i −

(
1

N

N∑
i=1

yi

)2

.
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e)

1

N

N∑
i=1

y2i

1

N

N∑
i=1

yi

.

f) 1[0,+∞)

(
1

N

N∑
i=1

yi

)
.

Solution.

a) Yes. Assuming E[Y 2] < ∞,

1

N

N∑
i=1

y2i
p,WLLN→ E[Y 2].

b) Yes. Assuming E[Y 3] < ∞,

1

N

N∑
i=1

y3i
p,WLLN→ E[Y 3].

c) Not in general. In Problem 4, we will find the probability limit for the minimum of uniform random
variables, and similar holds for the maximum. Notice that for other distributions, this does not need to
hold.

d) Yes. Assuming E[Y 2] < ∞, we get

1

N

N∑
i=1

y2i︸ ︷︷ ︸
p,WLLN→ E[Y 2]

−


1

N

N∑
i=1

yi︸ ︷︷ ︸
p,WLLN→ E[Y ]


2

︸ ︷︷ ︸
p,CMT→ E[Y ]2

p→ E[Y 2]− E[Y ]2 = var [Y ].

e) Yes. Assuming E[Y 2] < ∞ and E[Y ] ̸= 0, we have

1

N

N∑
i=1

y2i
p,WLLN→ E[Y 2] and

1

N

N∑
i=1

yi
p,WLLN→ E[Y ],

hence,

1

N

N∑
i=1

y2i

1

N

N∑
i=1

yi

p,CMT→ E[Y 2]

E[Y ]
.

f) No. Indicator function is not continuous.

Exercise 6.3. Take a random sample x1, . . . , xN , where X > 0. Consider the sample geometric mean

µ̂ =

(
N∏
i=1

xi

) 1
N

and a population geometric mean
µ = exp (E[log(X)]) .

Assuming µ is finite, show that

µ̂
p→ µ.
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Solution. First, we have to take the logarithm log(µ̂), so that we can apply WLLN. WLLN assumes existence
and E[log(X)] < ∞. Hence, for WLLN to work, we must assume E[log(X)] < ∞. Since X > 0, the expectation
exists, and we can apply WLLN,

1

N

N∑
i=1

log(xi)
p,WLLN→ E[log(X)].

Now, apply the exponential transformation g(x) = exp(x) and CMT to get µ on the right. CMT requires for
g(x) to be continuous which is clearly satisfied. Therefore,

exp

(
1

N

N∑
i=1

log(xi)

)
p,CMT→ exp (E[log(X)]) = µ.

Exercise 6.4. Let X1, X2, . . . be a sequence of i.i.d. U(0, 1) random variables. Define the sequence YN as

YN = min (X1, . . . , XN ) .

Show that YN
p→ 0 as N → ∞.

Solution. Cumulative distribution function of the uniformly distributed variable is

FXN
=


0, x < 0,

x, 0 ≤ x ≤ 1,

1, x > 1.

Further, for 0 ≤ y ≤ 1 we calculate

FYN
(y) = P(YN ≤ y)

= 1− P(YN > y)

= 1− P(X1 > y, . . . ,XN > y)

= 1− P(X1 > y) · . . . · P(XN > y)

= 1− (1− FX1
(y)) · . . . · (1− FXN

(y))

= 1− (1− y)N .

Hence, we have

FYN
(y) =


0, y < 0,

1− (1− y)N , 0 ≤ y ≤ 1,

1, y > 1.

To show that YN
p→ 0, we need to show by definition that

lim
N→∞

P(|YN | ≥ δ) = 0, ∀δ > 0.

Since YN ≥ 0, it is sufficient to show that

lim
N→∞

P(YN ≥ δ) = 0, ∀δ > 0.

For δ > 0, we have that

P(YN ≥ δ) = 1− P(YN < δ)

= 1− P(YN ≤ δ)

= 1− FYN
(δ)

= (1− δ)N .

As a result,

lim
N→∞

P(|YN | ≥ δ) = lim
N→∞

(1− δ)N

= 0.
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Exercise 6.5. Suppose X1, X2, . . . are i.i.d. with mean and variance µ and σ2. Consider

σ̂2 =
1

N

N∑
i=1

(Xi − X̄N )2,

where X̄N = 1
N

∑N
i=1 Xi. Show that σ̂2 p→ σ2 as N → ∞.

Solution. By WLLN, we have

1

N

N∑
i=1

(Xi − µ)2
p→ σ2 and

1

N

N∑
i=1

Xi
p→ µ.

Recall, we have derived before

σ̂2 =
1

N

N∑
i=1

(Xi − µ)2 − (X̄N − µ)2.

Using CMT we have that (X̄N − µ)2
p→ 0. By WLLN, we have(

1
N

∑N
i=1(Xi − µ)2

(X̄N − µ)2

)
p→
(
σ2

0

)
.

Since f(x, y) = x− y is continuous, by applying CMT, we have

σ̂2 p→ σ2.

7 Generalized method of moments

Exercise 7.1. Let X1, . . . , XN be i.i.d. with finite forth moment. Let X̄N and X̄2
N be the sample averages of

X and X2 respectively. Find constants a and b and function c(N), such that the vector sequence

c(N)

(
X̄N − a
X̄2

N − b

)
converges to a nontrivial distribution, and determine this limiting distribution. Derive the asymptotic distribu-
tion of the sample variance σ̂2 = 1

N

∑N
i=1(Xi − X̄N )2 using the delta method.

Solution. According to WLLN, X̄N
p→ E[X] and X̄2

N
p→ E[X2]. Hence, a = E[X] and b = E[X2].

According to the CLT, c(N) must be
√
N . Thus, we get the following asymptotic distribution,

√
N

(
X̄N − E[X]
X̄2

N − E[X2]

)
d→ N

((
0
0

)
,

(
var [X] cov [X,X2]

cov [X,X2] var [X2]

))
.

By definition, σ2 = var [X] = E[X2]− E[X]2. Now, we define

g

((
u1

u2

))
= u2 − u2

1,

so we have

G =
∂g

∂
(
u1 u2

) ∣∣∣
u1=E[X],u2=E[X2]

=
(
−2u1 1

) ∣∣∣
u1=E[X],u2=E[X2]

=
(
−2E[X] 1

)
.

Finally, we have √
N(σ̂2 − σ2)

d→ N (0,GVG′),

where

GVG′ =
(
−2E[X] 1

)( var [X] cov [X,X2]
cov [X,X2] var [X2]

)(
−2E[X]

1

)
= var [X2]− 4E[X]cov [X,X2] + 4E[X]2var [X].

Exercise 7.2. Denote by α̂MM and β̂MM the method-of-moments (MM) estimators of α and β parameters

of the gamma distribution. Derive the asymptotic distribution of θ̂MM =

(
α̂MM

β̂MM

)
. How can we obtain the

asymptotic distribution using the delta method?
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Solution. Using the theorem, √
N(θ̂MM − θ0)

d→ N (0,M0Υ0M′
0),

where

M0 =

(
E
[

∂

∂θ′
m(Xi; θ0)

])−1

and Υ0 = var [m(Xi; θ0)].

From the lecture notes, for

m =

(
Xi − α

β

X2
i − α(α+1)

β2

)
,

it holds that E[m(Xi;α, β)] =
(
0 0

)′
. MM estimators are

α̂MM =
X̄2

X2 − X̄2
,

β̂MM =
X̄

X2 − X̄2
.

Now, let’s determine the expression for the asymptotic variance-covariance matrix. First,

Υ0 = var [m(Xi;α, β)] = E[m(Xi;α, β)m(Xi;α, β)
′]

= E




(
Xi − α

β

)2 (
Xi − α

β

)(
X2

i − α(α+1)
β2

)
(
Xi − α

β

)(
X2

i − α(α+1)
β2

) (
X2

i − α(α+1)
β2

)2



= E
[(

(Xi − E[Xi])
2

(Xi − E[Xi])
(
X2

i − E[X2
i ]
)

(Xi − E[Xi])(X
2
i − E[X2

i ]) (Xi − E[Xi]
2)2

)]
=

(
var [X] cov [X,X2]

cov [X,X2] var [X2]

)
and second,

∂

∂
(
α β

)m(Xi;α, β) =

(
− 1

β
α
β2

− 2α+1
β2

2α(α+1)
β3

)
. (4)

After inverting (4), we have

M0 = −β4

α

(
2α(α+1)

β3 − α
β2

2α+1
β2

1
β

)
.

To derive the asymptotic distribution using the Delta method, define

g

((
u1

u2

))
=

(
u2
1

u2−u2
1

u1

u2−u2
1

)
,

and proceed as in the Problem 1.

Exercise 7.3. Let X1, . . . , XN be i.i.d. random variables with fXi(x;λ) = λ exp(−λx).

a) Recall the MLE for λ, derive its asymptotic distribution and the confidence interval for λ̂ML.

b) Derive the MM estimator for λ and its asymptotic distribution.

Solution.

a) Previously, we have derived that

λ̂ML =
1

X̄

and

I(λ) = 1

λ2
.
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Using the result from the lectures, we obtain the asymptotic distribution of the MLE,

√
N(λ̂− λ)

d→ N (0, I(λ)−1),

and for our case,

λ̂ML
A∼ N

(
λ,

λ2

N

)
.

To obtain the confidence interval, first, we should compute standard errors. For our case,

se(λ̂ML) =

√
λ̂2
ML

N
=

1√
X̄2N

.

Distribution of the statistic (inversion of which would lead us to the confidence interval) is obtained as

λ̂ML − λ

se(λ̂ML)
=

√
N

λ̂ML − λ√
λ̂2
ML

=
√
N

λ̂ML − λ√
λ2︸ ︷︷ ︸

d→N (0,1)

√
λ2√
λ̂2︸ ︷︷ ︸

p→1

d→ N (0, 1).

Denoting the quantile of the standard normal distribution as q
N (0,1)
1−α/2 , we have

−q
N (0,1)
1−α/2 ≤ λ̂ML − λ

se(λ̂ML)
≤ q

N (0,1)
1−α/2 ,

−q
N (0,1)
1−α/2 se(λ̂ML) ≤ λ̂ML − λ ≤ q

N (0,1)
1−α/2 se(λ̂ML),

λ̂ML − q
N (0,1)
1−α/2 se(λ̂ML) ≤ λ ≤ λ̂ML + q

N (0,1)
1−α/2 se(λ̂ML).

Hence, the confidence interval with the level of significance α is

CIα(λ) =
[
λ̂ML − q

N (0,1)
1−α/2 se(λ̂ML), λ̂ML + q

N (0,1)
1−α/2 se(λ̂ML)

]
.

b) Recall that E[Xi] =
1
λ . Thus, we define the moment function as

m(Xi;λ) = Xi −
1

λ
,

so that E[m(Xi;λ)] = 0. The MM estimator is a solution to the equation

1

N

N∑
i=1

(
Xi −

1

λ̂MM

)
= 0. (5)

From (5), we have

λ̂MM =
1

X̄
.

The asymptotic distribution of λ̂MM is calculated as follows: first, calculate M0 as

∂

∂λ
m(Xi;λ) =

1

λ2
,

hence,

M0 =

(
E
[
1

λ2

])−1

= λ2.

The matrix of moment function variance is obtained as

Υ0 = var [m(Xi;λ)] = var

[
Xi −

1

λ

]
= var [X] =

1

λ2
.

Finally, we have √
N(λ̂MM − λ)

d→ N (0, λ2).
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8 Introduction to the linear regression

Exercise 8.1. Let Y be a random variable that denotes the number of dots obtained when a fair six sided die
is rolled. Let

X =

{
Y, if Y is even,

0, if Y is odd.

(a) Find the joint distribution of

(
X
Y

)
.

(b) Find the optimal predictor of Y given X.

(c) Find the optimal linear predictor.

Solution.

a) Realizations of Y are {1, 2, 3, 4, 5, 6}. Realizations of X are {0, 2, 0, 4, 0, 6}, respectively. Probability of
having each of the realizations is p = 1

6 . Hence, the joint distribution is

(
X
Y

)
=



(
0

2

)
, p = 1

6 ,(
2

2

)
, p = 1

6 ,(
0

3

)
, p = 1

6 ,(
4

4

)
, p = 1

6 ,(
0

5

)
, p = 1

6 ,(
6

6

)
, p = 1

6 .

b) According to the Theorem 1, the optimal predictor is the CEF, or E[Y |X]. Because we know the joint
distribution, we can compute the CEF directly. Hence,

E[Y |X] =


3, x = 0,

2, x = 2,

4, x = 4,

6, x = 6.

c) The optimal linear predictor is given by py(Xi) = β⋆
0 + β⋆

1Xi, where(
β⋆
0

β⋆
1

)
∈ arg minβ0

β1

∈R2

E
[
(Yi − β0 − β1Xi)

2
]
. (6)

By solving (6), we obtain expressions for coefficients, that is,

β⋆
0 = E[Yi]− β⋆

1E[Xi], β
⋆
1 =

cov [Xi, Yi]

var [Xi]
. (7)

First, let us compute the covariance. That is,

cov[X,Y ] = E[XY ]− E[X]E[Y ]

=
28

3
− 2 · 7

2
=

7

3
.
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The variance is then

var [X] = E[X2]− (E[X])2

=
28

3
− 22 =

16

3
.

By plugging in the results into (7), we get β⋆
0 = 21

8 and β⋆
1 = 7

16 . The optimal linear predictor is

py(Xi) =
21

8
+

7

16
Xi.

Exercise 8.2. Answer the following questions as true or false and elaborate on your answer.

(a) Consider a sample {xi}Ni=1 whose observations are all drawn from and identical random variable X with

finite moments. For E[X̄] = E[X] to hold, where X̄ = N−1
∑N

i=1 Xi is the sample mean, this sample must
be random (i.i.d.).

(b) Consider a univariate random (i.i.d.) sample {X1, . . . , XN}. The random variable X from which the
sample is drawn has mean and variance denoted as E[X] and var [X] respectively. Consider the following
statistic S∗, which is a variation of the sample variance S2,

S∗ =
1

N

N∑
i=1

(Xi − E[X])2.

It turns out that E[S∗] = var [X].

(c) Consider two random (i.i.d.) samples {xi}NX
i=1 and {yi}NY

i=1. The first sample is drawn from a normally
distributed random variable X ∼ N (µX , σ2

X), while the second sample is drawn from another normally
distributed random variable Y ∼ N (µY , σ

2
Y ). To test that the scale parameters of the two distributions

are equal (H0 : σ2
X = σ2

Y ) one can use the F -statistic:

F =
S2
X/σ2

X

S2
Y /σ

2
Y

and this is possible if the two samples have different size, i.e. NX ̸= NY .

(d) Consider a random (i.i.d.) sample {xi}Ni=1 whose observations are drawn from some random variable X.

Suppose that the Weak Law of Large Numbers applies: X̄
p→ E[X]. It follows that X̄

qm→ E[X], i.e. the
sample mean X̄ converges in quadratic mean to E[X].

Exercise 8.3. Consider a linear regression model with K regressors arranged in a vector xi,

E[Yi|xi] = x′
iβ0 ⇒ β0 = E[xix

′
i]
−1E[xiYi].

Via the Continuous Mapping Theorem, prove the following asymptotic property about the average Total Sum
of Squares (TSS),

1

N

∑
i=1

e2i =
1

N
e′e =

1

N
y′My

p→ E[Y 2
i ]− E[Yix

′
iβ0].
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