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1 Basic probability theory

Exercise 1.1. For each of the following experiments, describe the sample space.

(a
(b

(d

)
)
()
)
()

Toss a coin four times.

Count the number of insect-damaged leaves on a plant.

Measure the lifetime (in hours) of a particular brand of light bulb.
Record the weights of 10-day-old rats.

Observe the proportion of defectives in a shipments of electronic components.

Solution. The sample space S is the set of all possible outcomes.

(a)

()

For each coin toss in the series we receive either Head (H) or Tail (T). The example of the realization of
the series of four tosses: THHH, meaning 1st toss gives T and the remaining tosses give H. The sample
space S is the set of all such combinations. One may want to calculate the cardinality of this set. It is
24 = 16: on each position (toss) we have either T or H (2 options) and we observe four positions (tree
graph may help to clarify the idea). Related idea: if we have N objects in the set and we want to calculate
the number of subsets of this set then we should use 2"V because each object may be present or absent (2
options) in the given subset, and this fact should be clarified for all N objects of the set for each given
subset.

The number of leaves should be a nonnegative integer. Thus, S = {0,1,2,3,...}.

The lifetime may be less than an hour or some integer number of hours plus the remaining fraction of an
hour. Moreover, the lifetime cannot be negative. Thus, S = {t: ¢ > 0}.

We need to choose measurement units. Consider grams (when you formulate your answer please be
specific about: assumptions you are making, any additional interpretations of a problem that you use in
your solution). Then we may say S = (0,4+00). We may also define some upper bound, for example 1
kilogram. Then S = (0, 1000].

One can define n to be the number of items in the shipment. Since we need a proportion, the sample

i -0 1 2 3 n
space is S ={;, 2, 5,5, ..., o}

Exercise 1.2. Verify the following identities:

(a)
(b)
()
(d)

A\B=A\(ANB)=ANB°
B=(BnA)U (BN A°)

B\ A=BnA°

AUB =AU (BN A°)

1The author thanks Arsenii Scherbov for providing materials for the first half of the course.



Solution. When working with set expressions one may use Venn diagrams to understand how to proceed.
However, the illustration does not constitute a formal proof and thus is not sufficient as an answer. To proof
that the expression is true one must explicitly show both directions: if x € LHS (left-hand side) then z € RHS
(right-hand side) and if z € RHS then x € LHS.

(a) A\ B <= (?implies that” and the implication works in both directions) x € A and z ¢ B <= x € A
and x ¢ ANB <=z € A\ (AN B). At the same time, x € Aand z ¢ B <= x € A and z € B® <
x € AN BC.

(b) By definition AUA® = S. Then using the Distributive Law (BNA)U(BNA°) = BN(AUA®) = BNS = B.
One may also show the correctness of the equality by the technique used in point 1.

(¢c) B\A<=zrecBandr ¢ A<= zrcBandre A° <= € BN A°.

(d) AUB=AU[BNAU(BNA)|=AU(BNAUAU(BNA)=AU[AU(BNA%] =AU (BnA°).
Here one may substitute U with "or” and N with ”and” to see why some tautology is eliminated without
any transformation of the meaning of the expression.

Exercise 1.3. For events A and B, find formulas for the probabilities of the following events in terms of the
quantities P(A), P(B), and P(A N B):
(a) either A or B or both,
(b) either A or B but not both,
(c) at least one of A or B,
(d) at most one of A or B.
Solution.

(a) 7either A or B or both” means AU B, so we have

P(AU B) = P(A) + P(B) — P(AN B).

This is because AU B = AU (B U A°) (Problem 2 point 4), from it P(AU B) = P(AU (B U A%)) =
P(A)+P(BNA°) =P(A) +P(B) —P(AN B).

In the last expression, the second equality uses the fact that A and B N A€ are disjoint; the last equality
comes from rearranging the following P(B) = P((BN A)U (BN A°%)) =P(BN A) + P(B N A°) (combines
Problem 2 point 2 and the fact that two sets are disjoint).

It is easier to draw the picture and note the fact that we count the area of the intersection two times if
we do not subtract P(A N B).

(b) either A or B but not both” is (AN B°) U (BN A°), so we have

P((ANBY)U(BNA°))=PANB°)+P(BNA°
= [P(A) —P(ANB)| + [P(B) - P(BN A)]
=P(A) + P(B) — 2P(AN B).

The easy way is to draw a picture and note that this probability is equal to P(AU B) — P(AN B).

(c) 7at least one of A or B” is AU B, so we have

P(AU B) = P(A) + P(B) — P(AN B).

(d) ”at most one of A or B” is (AN B)¢, so we have

P((ANB))=1—-P(AN B).
Note that this event also includes the possibility of not A and not B.


https://en.wikipedia.org/wiki/Venn_diagram

Exercise 1.4. Consider two different setups:
(a) A fair dice is cast until a 6 appears. What is the probability that it must be cast more than five times?

(b) A pair of events A and B cannot be simultaneously mutually exclusive and independent. Prove that if
P(A) > 0 and P(B) > 0, then:

e if A and B are mutually exclusive, they cannot be independent,

e if A and B are independent, they cannot be mutually exclusive.

Solution.

(a) It must be cast more than five times if we did not observe the appearance of 6 on first five casts. We do
not observe 6 on each cast with probability 5/6. Since casts of a die are independent (adequate additional
interpretation of the setup which you should explicitly mention in your solution) the probability to not
receive 6 in first five casts is (5/6)° ~ 0.4.

(b) e Let A and B be mutually exclusive. Suppose, for the sake of contradiction, that A and B are
independent, then P(A N B) = P(A)P(B). However, from the initial property AN B = ( and
P(AN B) = 0 (mutually exclusive). Since we are given events A and B with positive probabilities,
we come to a contradiction P(AN B) = P(A)P(B) = 0 with P(A) > 0 and P(B) > 0. Thus, mutually
exclusive events cannot be independent.

e Independence of A and B together with P(A) > 0 and P(B) > 0 gives P(AN B) = P(A)P(B) > 0.
It means that AN B # (). Therefore, A and B are not mutually exclusive by definition. Thus,
independent events cannot be mutually exclusive.

One may also proceed by contradiction: let A and B be independent. Suppose, for the sake of
contradiction, that A and B are mutually exclusive, then P(ANB) = 0. However, from independence
and P(A4) > 0, P(B) > 0 we have P(AN B) =P(A)P(B) > 0. This is a desired contradiction.

Exercise 1.5. Two coins, one with P(head) = v and one with P(head) = w, are to be tossed together
independently. Let
po = P(0 heads occur), p; =P(1 heads occur), p2 = P(2 heads occur).
Can u and w be chosen such that pg = p; = p2? Prove your answer.
Solution. Start with probabilities: py = (1 — u)(1 — w), that is, first is T and second is T; p; = (1 —u)w +

u(1l — w), that is, first is T and second is H or first is H and second is T; and p; = uw, that is, both are H.
Equating these probabilities, we receive

w+u
pp=p2=>utw=1 p =ps=>uw= 3
These together imply
1
1—u)==.
u(l - u) = 3

This equation has no solution in the real numbers (more specifically, the right-hand side must be < i for the
solution in real numbers to exist). Thus, we cannot choose legitimate u and w to satisfy the conditions.

Exercise 1.6. Consider telegraph signals "dot” and ”dash” sent in the proportion 3:4, where erratic trans-
missions cause a dot to become a dash with probability 1/4 and a dash to become a dot with probability
1/3.

(a) If a dash is received, what is the probability that a dash has been sent? If a dot is received, what is the
probability that a dot has been sent?

(b) Assuming independence between signals, if the message dot-dot was received, what is the probability
distribution of the four possible messages that could have been sent?



Solution. Let ”DA” mean "dash”, ”DO” mean ”dot”, "R” mean "received”, ”S” mean ”sent”. From dot/dash
3:4 proportion we can calculate unconditional probabilities to observe dots and dashes:

3 3 4 4
P(dot sent) := P(DOS) = —— = =, P(dash sent) := P(DAS) = —— = —.
(Osen) ( ) 3+4 7’ (a‘s Sen) ( ) 3+4 7
From probabilities of mistakes we deduce other important objects, such as
P(DOR|DOS) =1 — 1.3 P(DAR|DAS) =1 — 1.2
4y A
and
1 1

P(DOR|DAS) = 3 P(DAR|DOS) = 1
(a) Using the Bayes‘ rule, we calculate the following:

P(DAR|DAS) - P(DAS)
(DAR|DAS) - P(DAS) + P(DAR|DOS) - P(DOS)
BHE 32
@+ @HGE) 4

which is precisely the probability that a dash has been sent if a dash is received. Next,

P(DAS|DAR) =

P(DOR|DOS) - P(DOS)
(DOR|DOS) - P(DOS) + P(DOR|DAS) - P(DAS)
HE o
HE+ )G 43

which is the probability that a a dot has been sent if a dot is received.

P(DOS[DOR) =

(b) We need yet another probability with DOR condition,
P(DOR|DAS) - P(DAS)
(DOR|DAS) - P(DAS) + P(DOR|DOS) - P(DOS)
(53 16
HE+HE) 43
Independence greatly simplifies calculations. We have DOR two times, so the possible signals sent with
corresponding probabilities are,

P(DAS|DOR) =

o7 27
P(DOS|DOR) - P(DOS|DOR) = & - .
27 16

P(DOS|DOR) - P(DAS[DOR) = 1 - 1=,
16 27

P(DAS|D -P(DOS|D = .2
(DAS|DOR) - P(DOS|DOR) = 12 - .
P(DAS/DOR) - P(DAS|DOR) = ~0 . 10
43 43’

which is the final distribution we are looking for.

Exercise 1.7. Standardized tests provide an interesting application of probability theory. Suppose first that
a test consists of 20 multiple-choice questions, each with 4 possible answers. If the student guesses on each
question, then the taking of the exam can be modeled as a sequence of 20 independent events. Find the
probability that the student gets at least 10 questions correct, given that she is guessing.

Solution. 7 At least 10 questions correct” means that we need to account for the situations when there are 10
correct guesses or up to all 20 guesses are correct. Thus, we will have a sum of probabilities.



What is the probability to correctly guess k times? For each question the probability of a correct answer is
%, there are 20 questions and the order of correct answers does not matter (all questions are awarded equally).
Each test results with k correct guesses has a probability of

H6

There are (}) = CF = #Lk)' ways to choose the order of correct answers (here n = 20). Thus, the

probability to correctly guess exactly k answers is

()6

To account for different values of k£ = 10,...,20, we add up these probabilities and receive the final answer

:i:j (Z) (i)k (i)nk = 0.014.
2 Random variables

Exercise 2.1. Consider a random variable X with the following probability density function and ¢ < oo being
some constant:

fx(z) = {ca:(l —z), ifxze(0,1)

0, otherwise.

(a) Determine the value of the parameter ¢ that makes fx(z) a pdf. Derive the cumulative density function
(cdf) of X.

(b) Derive mean, variance, skewness, and kurtosis of X.

c¢) Consider another random variable Y = X3, and derive its pdf.

)
()
(d) Derive mean, variance, skewness, and kurtosis of Y.
¢) For g(z) = 23 compare E[g(X)] and g(E[X]). What about z(z) = 237
)

f) Determine the value of ¢ that makes f(z) = ¢- e 1?l, —0o < z < 0o a pdf.

(
(
Solution.

(a) By the definition of the pdf,

Thus, we need ¢ = 6 for the pdf to integrate to 1 over the entire support.

By the definition of the cdf,

Fx(z) = /OI 6x(1 — z)dx

2 g3y 3x2 — 223
<20 30) ( 6 ) o
so that
1, ifz>1,
Fx(z) = ¢ 32% — 223, if 2 € (0,1),
0, if z <0.



(b) Again by the definition, we derive

00 1 x3 1 $4 1 1 1
e mean: E[X] :[mxfx(x)dx:/o 622(1 — x)dz = 6 <3‘0 e 0> =6 (3 - 4> = 0.5,

o variancd’} var [X] = E[(X — E[X])?] = E[X?] — E[X]? = 0.3 — (0.5)2 = 0.05, because the second

moment is ) . .
T g2l 1 1
E[X% = | 62%(1—2)dz =6 ‘i‘ _7‘ —6(--2)=03
X7] /0 w1 -w)dz (40 5 lo 15 ’

e skewness, k3, which is a rescaled version of the third centered moment:
1 ‘ 1
E[(X — E[X])?] = / (x — Elz])3 fx (z)dx = / (z —0.5)%6x(1 — z)dx
0 0
1
= 6/ (23 — 1.52% + 0.752 — 0.125)z(1 — z)dx
0

—6 28 + b 9zt + Ta3 22
- 6 2 16 24 16

1
:O’

so that the skewness is
. = EX-EX)Y _
(E[(X —E[X))?])2

e kurtosis, k4, which is a rescaled version of the forth moment,
1 1
E[(X —E[X))*] = / (x —El2))* fx (z)dx = / (x —0.5)6x(1 — z)dx
0 0

~ 0.005,

so that the kurtosis is .
E[(X —E[X
K4 = [( [ })2]2 ~ 2.14.
(E[(X —E[X])?])
Note that the skewness is equal to zero, the fact that follows from the symmetry of the distribution
(important case is a normal distribution).

If skewness is positive, the distribution is positively skewed or skewed right, meaning that the right
tail of the distribution is longer than the left. If skewness is negative, the distribution is negatively
skewed or skewed left, meaning that the left tail is longer. If skewness = 0, the distribution is
perfectly symmetrical.

Kurtosis is a measure of the combined sizes of the two tails. If the kurtosis is greater than 3, then
the distribution has heavier tails than a normal distribution (more in the tails). If the kurtosis is
less than 3, then the distribution has lighter tails than a normal distribution (less in the tails). For a
normal distribution we have kurtosis equal to 3 (again important example, remember it). Note that
kurtosis is always greater or equal to 0.

(¢) Let us proceed by the definition of a cdf,

Fy(y) =P(Y <y) =P(X? <y) =P(X < y'/?)

1/3 1/3

Y y
= / 62(1 — z)dr = (32% — 22°) . 3y%/3 — 2y.
0

Note that the support does not change, since g(0) = 0 and g(1) = 1. The full answer would be:

1, ify>1,
Fy(y) =< 3y*3 -2y, ifye(0,1),
0, if y <0.

2Note that you can also proceed by the definition var [X] = fol (x — E[z])? fx (z)dz.



(f)

The first equality is the definition; the second equality uses our transformation g(z) = 2®; the third
inequality applies the inverse g~ '(x) = 2'/3 which is increasing on the support of X (0,1) (and thus,
preserves the order); the fourth inequality is again a definition.

Using the definition, we can also calculate the pdf,

dFy (y) ~1/3
fry) = =2y —2,
for y € (0,1) and 0 otherwise.
Again by the definition,
(o)
e mean: E[Y] :/ yfy (y)dy = 0.2,
— 00
. o ) 13
e variance: var[Y] = (y —Ely)* fv(y)dy = 300~ 0.04,
_ 3 _63
e skewness: k3[Y] = Bl(X E[X]2]§ = ‘?ZOOQ ~ 1.27,
E[(X - BT ()
. E(X - EX)Y] _ 5w
e kurtosis: rk4[Y] = = == = 3.95.
E[(X - EIX])??  (550)?

Here, the following result is useful:

Theorem 2.2 (Jensen’s inequality). For any random variable X, if g(x) is a convex function, then
9(E[X]) < E[g(X)].

If g(z) is a concave function, the inequality is reversed.

Proof. We focus on the convex case. Let a + bz be the tangent line to g(z) at x = E[X]. Since g(x) is
convex, g(z) > a + bx. Evaluating at © = X and taking expectations, we find

Elg(X)] > a + bE[X] = g(E[X])

as claimed. O

Now, we have

Elg(X)] = /00 g(x) fx(x)dzx :/0 2362(1 — x)dx = 0.2,

—o0
g(E[X]) = g(0.5) = 0.5° = 0.125.

so E[g(X)] > g(E[X]) in line with Theorem [2.2

For z(z) = '/? we have

¢S] 1
E[z(X)] :/ 2(2) fx (x)dx :/ 2Y362(1 — z)dx ~ 0.77,

—o00 0

2(E[X]) = 2(0.5) = 0.55 ~ 0.79,
so E[z(X)] < z(E[X]). It is, again, in line with Theorem [2.2] because z(z) is concave.

€
—00

oo oo 1 .
/ “lzldy = fEOO e*dr + [, e Fdr =141 =2, so we need ¢ = 3 for pdf to integrate to 1 over the

entire support. Non-negativity is obvious.

Exercise 2.3. In each of the following find the pdf of Y, and show that the pdf integrates to 1.

(a)
(b)
()

Y = X3 and fx(z) =422°(1—2),0 <z < 1,
Y =4X +3 and fx(x) =7e 7, 0 <z < oo,
Y = X% and fx(x) =302%(1 —2)%, 0 <z < 1.



Solution. Here, two following results are useful (we state them separately even though Theorem is used
in the proof of Theorem :

Theorem 2.4 (Monotonic transformation). If X has a pdf fx(z), fx(z) is continuous on its support X, g(x)
is strictly monotone, and g~ (y) is continuously differentiable on Y, then for y € Y

Fr) = Fx (67 W) Tw), () = j;g-%y)] .

Theorem 2.5. Let X and Y = g(X) be two random wvariables, X and Y be their supports, and let Fx(x) be
the cdf of X.

(a) If g is increasing in X, we have Fy (y) = Fx (g7 (y)) for ally € Y.

(b) If g is decreasing in X and X is a continuous random variable, we have Fy (y) =1 — Fx (g~ *(y)) for all
yey.

(a) We have that y = g(z) = 23, g°(z) = 322 so g(z) is monotone and increasing. If 0 < z < 1 then
=1

d 1
[9(0) = 0] < [g(z) = y] < [¢(1) = 1], thus 0 < y < 1 is our new support. g~ 1(y) = y3, —g (y) = ~y 3.
Applying Theorem we have

dy” 3

d 5 1 1 2 4
() = fx (971 () iy’ (y)l 42y3 (1 ys) <3y 3) 14y — 14y3
for 0 < y < 1 and 0 otherwise. It is a valid pdf, since

1
/ 14y — Mdysdy =Ty> —6ys|l=1-0=1.
0

(b) An alternative way how to compute transformations is by using the cdf of the random variable. First, we
derive the cdf as

z T
Fx(x) = / Te dr = —e | = —e el =1—e",
0 0

and then y = g(z) = 4z + 3, ¢g‘(z) > 0 so g(z) is monotone and increasing, and g~ 1(y) = y=o ; 3. If

=4
0 < 2 < oo then [g(0) = 3] < [g(z) = y] < [g(00) = 0], thus 3 < y < oo is our new support. Now apply
Theorem [2.5] to get ]
Fy(y) = Fx(9'(y) =1—e t07%

for 3 <y < oo and 0 otherwise. From here, we can differentiate to come to the pdf,

_dFy(y) _ T 13
dy

Iy ()

for 3 <y < oo and 0 otherwise. It is a valid pdf, since

/ Ze_%(y_g)dy = e TP =0 - (~1) = 1.
3

(c) Yet another alternative, is to proceed ”by definition”: note that with g(x) = 22 and 0 < z < 1 we have

[9(0) = 0] < [g(z) = y] < [g(1) = 1], thus 0 < y < 1 is our new support. By definition, Fy (y) = P(Y <
y) =P(X < /y) = Fx (/). In this step we find a region in X such that ¥ < y holds. Differentiate both
sides with respect to y (come to pdfs) to receive

friy) = 2\2&(@ - 2;@

for 0 < y < 1 and 0 otherwise. It is a valid pdf, since

30(v/9)2(1 — v/y)? = 15y (1 — y?)>?

1 1
2 12
/ 15y7 (1 — y?)2dy = / 15y% — 30y + 15y dy = 155 =305 + 152 = 1.
0 0



3 Parametric distributions

Exercise 3.1. Consider the following:

(a)
(b)

Derive the moment-generating function (mgf) of B(n,p) distribution.

Consider the following setup: It has been determined that 5% of drivers checked at a road stop show
traces of alcohol and 10% of drivers checked do not wear seat belts. Assume that the two infractions are
independent from one another. If an officer stops five drivers at random: (%) calculate the probability that
exactly three of the drivers have committed any one of the two offenses, (i) calculate the probability that
at least one of the drivers checked has committed at least one of the two offenses.

Derive the mgf of Poisson(\) distribution with parameter A.

(c)

(d) Find mean and variance.

(e) Discuss the connection between Poisson(A) and B(n, p).

(f) Consider the following setup: In the manufacture of glassware, bubbles can occur in the glass which
reduces the status of the glassware to that of a low quality. If, on average, one in every 1000 items
produced has a bubble, calculate the probability that exactly six items in a batch of three thousand are
of a low quality.

Solution.

(a)

(d)

First, note that the pmf of B(n,p) is f(z) = C*p*(1 — p)"®, where & > 0 is an integer, and p is a
probability of a success. The mgf is then

Mx (t) =E[e™] =Y " Cip"(1=p)" " =) _ Cr(pe")*(1 = p)" ™" = [pe’ + (1 - p)]",
x=0 =0

where the last equality uses the binomial formula ', CZu*v" "% = (u+v)" with u = pe! and v =1—p.
You can check that E[X] = np and var [X] = np(1 — p) by using this mgf.

Denote X the number of drivers who have committed any one of the two offenses; A meaning a driver
shows traces of alcohol, and B meaning a driver does not wear a seat belt. We have

P(AU B) = P(A) + P(B) — P(AN B) = 0.05 + 0.1 — 0.05 - 0.1 = 0.145 := p.

n is 5 so we are having B(n = 5,p = 0.145). Then for (i), we have P(X = 3) = C2(0.145)3(1 —0.145)%73 =
0.0223.

For (ii), use the rule that P(at least one) = 1—P(no one). The resulting probability is 1—C9(1—0.145)% =
0.543.

Ae~A
First, note that the pmfis f(z) = > where z > 0 is an integer and A is a positive constant. We have
x!
o0 o0 .
APe~A (et\)” ¢ ¢
— tX) _ tr _ =\ _ o= Aeth A (ef-1)
Mx(t) =Ele ]—Z e =e Z e e =e ,
x=0 =0
=z x2
where the fourth equality uses power series expansion of exponential function e* = Z = 1+2+ o1 +
n=0 " ’
23

37 + ..., which is valid Vx € R.

To compute any nth moment, differentiate the mgf w.r.t. ¢ n times and evaluate the derivative at ¢ = 0,

d" My (1)

E[X"] = dtn =0


https://en.wikipedia.org/wiki/Binomial_theorem

For our needs, we require the first and the second moment. We have

deMe'=1) B B
E[X] — T o _ 6)\(6t 1)>\€t|t:0 _ e)\(l 1)A60 — )\7
d2eMef—1) .
E[X% =25 | =M Detaet M D0et|mg = A2 + A,
dt? t=0

var [ X] = B[ X —EXP> = A2 + A = \2 =\

(e) Binomial probabilities can be approximated by Poisson probabilities (the latter are easier to calculate).
Approximation is valid if n is large and np is small. To get the result, consider X ~ B(n,p) and Y ~
Poisson(A) with A = np. The approximation is then defined as having P(X = z) =~ P(Y = z) for
large n and small np. Formally, we show the result if we show that their mgfs converge, thus having
Fx(u) = Fy (u) for all u (see Theorem 2.3.11 in Casella & Berger).

A
Define p = —, let n — oo, and look at the limit of Mx(¢),
n

HEA] o e

M) = et + Q=" = Ll = = [+ 2

a n
where the limit uses the fact that lim,, (1 + —”) = e® with a = lim,, o a,, .
n

(f) Denote X the number of items with bubbles (low quality). Clearly, X ~ B(n = 3000,p = 0.001), so we
are in the context where n is large and np is small. Thus, the Poisson approximation should be accurate.

AT - 36 -3
Then A = np = 3000 - 0.001 = 3 and P(X = 6) ~ % - ; ~ 0.0498 - 1.0125 ~ 0.05041. Using any

statistical programming language, we can compute the exact probability, which is 0.050384.

Note: remember the usual interpretation of Poisson as the number of occurrences in a given interval for which
the average rate of occurrences is A (think of an example with a student waiting for a bus at a bus stop).

Exercise 3.2. A random point (X,Y) is distributed uniformly on the square with vertices (1,1), (1,—1),
(=1,1), and (—1,—1). That is, the joint pdfis f(z,y) = i on the square.

(a) Determine the probabilities of the following events: (i) X2 +Y?2 < 1, (ii) 2X —Y > 0, (iii) |[X + Y| < 2.

(b) Derive the marginal and the conditional densities of X. What would you conclude regarding the same
densities of Y7

(¢c) A and B agree to meet at a certain place between 1 PM and 2 PM. Suppose they arrive at the meeting
place independently and randomly during the hour. Find the distribution of the length of time A waits
for B. If B arrives before A, define A‘s waiting time as 0.

Solution.
(a) The easiest way to proceed in this example is to invoke the geometric interpretation of events and proba-
bilities and compare areas on a square. The total area is equal to 2 -2 = 4.

For (i), the condition is true only in a circle of radius one which can be summarized by the inequality
22 4+ 92 < 1. The area of this circle is equal to 7 - 72 = 7. The the probability of the event will equal to
the ratio of the area of the event (circle) to the total area (square). Thus, P(X? +Y?2 < 1) = /4.

For (i), the condition may be rearranged as 2x > y. The corresponding area is the one below the line
y = 2z. Due to symmetry (or using graphical argument) one can conclude that the area is exactly the
half of the initial square. Thus, P(2X —Y >0)=2/4=1/2.

(i) is straightforward, because 2 is an upper bound for |X +Y| when X € [-1,1] and Y € [-1,1]. Thus,
PIX+Y|<2)=1.

(b) Start with the marginal distribution of X. By definition:
@ = [ perodn= [ lay=bf 111
X —_OOX,Y YY)y = _1411—4?/71—4 19
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Thus, the marginal density of X is equal to 1/2 on the support X € [—1,1] and we conclude that
X ~ U[-1,1]. Due to symmetry, the same conclusion is valid for the marginal density of Y.

Conditional density of X given Y is by definition

_ fxy(zy)
fX|Y(x|y) - fY(y) -

[SIEESNE
(=

when YV € [-1,1] and X € [-1,1], and 0 in other cases. Thus, X|Y ~ U[—1,1] and the conditional
distribution is the same as the marginal distribution. The convenience is easy to ruin. For example, one
may rotate (45°) the square around (0,0) point and work out the integration to see the result (concen-
trate on bounds of integration). Note that here fxy(z,y) = fx(2)fy(y), so X and Y are statistically
independent.

(c) Let A = time that A arrives and B = time that B arrives. The random variables A and B are independent
U[1,2]. Their properties (except the support) will not change if we preserve the length of the interval and
look at U[0, 1] instead (the problem is the same for 1 PM — 2 PM, 2 PM - 3 PM, 12 PM - 1 PM). So we can
consider joint pdf which is uniform on the square (0,1) x (0,1). Define X = amount of time A waits for B.
Thenif x <0, Fx(x) =P(X <z)=0,andif z > 1, Fx(z) =P(X <z) = 1.

For x = 0 (B is first), we have

1 a 1 4 1 (121 1
FX(O):P(X:O):P(BgA):/ / ldbda:/ b‘ da:/ ada:—’ _—
0 0 0 0 0 2 lo 2
Ifo<z<1,

Fx(z)=PX<2)=1-P(X >2)=1-P(B—A>ux)

11—z -z 1 l1-z a2 1—x
71,/ / 1dbda*1—/ b dazlf/ laa:dal(axa)‘
at+x 0 2 0

1—2x)2 1 2
:1—<1—x—(x)—x—|—x2>:+x—x.

2 2 2
The answer should be concluded with the full description of the cdf which combines all results obtained.
Exercise 3.3. Consider the following:
(a) Show that cov (X, ¢) = 0 for any random variable X with finite mean and any constant c.

b) Let X and Y be independent random variables with means px, py and variances 0%, o%. Find an
Hx, K X Oy

expression for the correlation of XY and Y in terms of these means and variances.

(c¢) Let X7, X5, and X3 be uncorrelated random variables, each with mean p and variance o2. Find, in terms
of p and o2, cov (X1 + Xo, Xo + X3) and cov (X7 + Xo, X1 — Xo).

(d) Prove that for any random vector (X7, ..., X,,) the following holds:
r <in> = ivar (X;)+2 Z cov (X;, X;).
i=1 i=1 1<i<j<n
Solution.
(a) cov(X,c) =E[X¢] — E[X]E[¢] = cE[X] — cE[X] = 0.
(b) We have

cov (XY Y) _ E[XY?] — pxypy _ E[X]E[Y?] — px py pry _ px (05 + p3) — pxpy,
OXYOy OXYOy OXYOy OXYOy

PXY)Y =
where the last line uses independence of X and Y. The remaining quantity is
o%ky = E[(XY)?] - (E[XY))* = E[X*|E[Y?] - (E[X])*(E[Y])*
= (0% + HX)(0F + p¥) — pkny = 0k oy +okuy + otk
px (0% +p3) —pxpy X Oy

) 2,2 2.2 ) 2,2 2 2
oy\0%0% + 0% nY + oLk \okoy +okud + oy ik

Thus, pxyy =

11
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(d)

Ccov (Xl + XQ,XQ -+ Xg) = E[(Xl + XQ)(XQ —+ Xg)} — E[Xl + XQ]E[XQ —+ Xg] (4/1, + o ) 4,u2 = 0'2,
Ccov (Xl + XQ,Xl — XQ) = E[(Xl + .X2)(X1 - XQ)] — E[Xl + XQ]E[Xl — X2] = E[X% - X2] =0.

Denote u; = E(X;). Then

(ZX) =var (X1 +... 4+ X,,)

=E[(X1 4.+ Xn) = (1 4+ )]
= E[(X1 = p1) + - + (X0 = ptn)?]

= ZE[(Xz‘ — )% +2 Z E[(Xi — ) (Xj — p5)]
i=1

1<i<j<n

n
:Zvar(Xi)—i—Z Z cov (X;, X;)
i=1

1<i<j<n

Exercise 3.4. Consider the following:

(a)

(c)

Let Z be a random variable with pdf f(z). Define z, to be a number that satisfies « = P(Z > z,) =
f(z)dz. Show that if X is a random variable with pdf ff <I —H

o
IP(X > 2,) = a. (Thus if a table of z, values was available, then values of z, could be easily computed
for any member of the location-scale family).

> and x, = 0z4 + i, then

The average number of acres burned by forest and range fires in a large New Mexico county is 4300 acres
per year, with a standard deviation of 750 acres. The distribution of the number of acres burned is normal.
What is the probability that between 2500 and 4200 acres will be burned in any given year? What number
of burnt acres corresponds to the 38" percentile? 87" percentile?

Theorem 3.5. Let f(-) be any pdf. Let u be any real number, and let o be any positive real number.
1

Then X is a random variable with pdf — f <a:
o

pdf f(z) and X =o0Z + p.

— ﬂ) if and only if there exists a random variable Z with

Smirnov transform. Let X be a continuous random variable whose distribution function F'x is strictly
increasing on the domain of X. Let U = Fx (X) (transformation that applies Fx (-) to X). What is the
distribution of U? How one can exploit this fact to simulate independent realizations of X7

Solution.

(a)

(b)

P(X > o) =P(0Z+pu > 0z +p) =P(Z > z,). The conclusion about X = 0Z + 1 comes from Theorem

Let X be the number of acres burned by forest and range fires per year. X ~ N (u, o), u = 4300, o = 750.
Then

2500~ X —p 4200 —
1P>(2500<X<4200)=1P>< P2l o “)

(o) g g

=P(—2.40 < Z < —0.13) = P(Z < —0.13) — P(Z < —2.40)
= ®(—0.13) — ®(—2.40) = 1 — $(0.13) — (1 — H(2.40))

= ®(2.40) — ®(0.13) = 0.9918 — 0.5517 = 0.4401.

Because Z = X ~ N(0,1) and cdf of Z is denoted as ®(Z).

Denote 38" percentile by pgs, P(X < pas) = 0.38. It holds that P (X7 < Bt} — P (7 < mstt) —

0.38. Since the probability is less then 0.5, we are in the negative part of the distribution. So P(Z <
Pes—P) = @(Pe8—k) = 1 — ¢(—P2-L) = (.38. From here, &(—#2-£) =1—0.38 = 0.62, so -2~ = (.31.
Finally, psg = p — 0.310 = 4300 — 0.31 - 750 = 4067.5.

For the 87! percentile, it is evident from table that for Z the value is 1.13. Then for X we have

4300 4 1.13 - 750 = 5147.5.
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(c) P(U < u) = P(Fx(X) < u) = P(X < Fx'(u)) = Fx(Fx'(u)) = u. Since cdf returns values from [0, 1],
we conclude that the cdf of the transformation is

1, ifu>1,
Fy(u)=<u, ifuel0,1],
0, ifu<0,

so U is uniform random variable on [0, 1].

The result states that we can take any cdf (well-behaved, meaning invertible and for this we require Fx ()
to be strictly monotone, because it implies that the function is bijective and this is enough for it to be
invertible), apply it as a transformation on the random variable with the chosen cdf and receive a uniform
random variable on [0,1]. But we can go in the opposite direction because of the invertibility of the
transformation. So we can simulate independent random variables having distribution function Fx by
simulating U, a uniform random variable on [0,1], and then taking X = Fy Y(U). The advantage is that
uniform is very easy to simulate. Note that for any distribution it is highly likely that there are more
efficient (in terms of computations) ways to do the simulation, but the results is nice and it may help to
appreciate other similar algorithms. One of the important drawbacks of this algorithm is that some cdfs
are invertible but the inverse has no closed form solution (for example, normal cdf).

Exercise 3.6. A point is generated at random in the plane according to the following polar scheme: a radius
R is chosen, where the distribution of R? is x2 with 2 degrees of freedom; independently, an angle 6 is chosen,
where 6 ~ U(0,27). Find the joint distribution of X = Rcosf and Y = Rsin 6.

Solution. Since R and # are independent, the joint pdf of T = R? and 0 is

Fro(t,6) = fr(t)fo(6) = g-c /2
i
with 0 <t < oo and 0 < 0 < 27.

The transformation is = v/t cos#, Yy = \/tsin @ which is one-to-one (note that we take a 2 x 1 vector and
transform it into a 2 x 1 vector). From here t = 22 + y? (first component of g~ !(z,y)) and 0 = arctan(y/z)
(second component). We also need the Jacobian (actually, we need only the absolute value of the determinant
of this matrix) of the inverse transformation:

dgy Mz, y) gy (2,y)

2 2
J— ox dy _ _q?; JgJ
| 992 (@) 09y '(mw) |
go \T,Y 9o Y 22 +y2 224 y2
or dy

Derivatives of g;*(z,y) are obvious. For g5 ' (x,y) = arctan(y/x) we have

darctan(y/z)  y 1 -y OJarctan(y/xr) 1 1 1 22 x

Oz T dy 1+ 2wy’ a4y
The absolute value of the determinant is |det(J)| = 2. Now we combine the ingredients using Theorem 3.1,

1
fxy(z,y) = %6—%(z2+y2)

with —oo < x,y < co. From here it should be clear that X and Y are independent standard normals. One may
want to work out the marginal density of X or Y to convince yourself,

Y R S O I e v /°° 1 gy = Lt
fx(@) /CWQFE LW DN D W

for —0o < & < co. This is because in the last equality we integrate N’ (0,1) over the entire support.

Exercise 3.7. Let X, Y, and Z be discrete random variables. Show the following generalizations of the law of
iterated expectations:

(a) E[Z] = E[E[Z|X, Y]],
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(b) E[Z|X] = E[E[Z|X, Y]|X],
(c) E[Z] = E[E[E[Z|X, Y]|X]].

We start with a stick of length [. We break it at a point which is chosen randomly and uniformly over its length,
and keep the piece that contains the left end of the stick. We then repeat the same process on the piece that
we were left with.

(a) What is the expected value of the length of the piece that we are left with after breaking twice?

(b) What is the variance of the length of the piece that we are left with after breaking twice?

Solution. In the following we are going to use two very important results:
Theorem 3.8 (Law of iterated expectations). If E|Y| < oo, then E[E[Y|X]] = E[Y].
Theorem 3.9 (Law of total variance). var[Y] = E[var[Y|X]] + var [E[Y|X]].

(a) We begin by writing the definition for E[Z|X,Y]

EZIX =z,Y =y] = ZZfz‘X7y(Z|£C,y).

z

Since E[Z|X,Y] is a function of the random variables X and Y, and is equal to E[Z|X = z,Y = y]
(number) whenever X = z and Y = y, which happens with probability fx y(z,y), using the rules for
manipulations with expectations, we have

E[Z|IX,Y] =) Y E[ZIX =2,V =y|fxy(z,7)
= ZZZZfZ|X,Y(Z|x7y)fX,Y(x7y)
= ZZZZfX,Y,Z(x7y7Z)

= E[Z].
(b) Using the same definition of E[Z|X,Y] as in (a) we additionally condition on the event X = x:

E[E[ZIX,Y =y]|X =2] = Y E[Z|X = 2,Y = ylfyix (yl2)
= ZZZfZ|X,Y(Z|x7y)fY|X(y|x)
= Zzzfy,z|x(ya2|$)

=E[Z|X = x].
Since this is true for all possible values of z, we have E[Z|X] = E[E[Z|X,Y]|X]. One may generalize this

result for 3+ conditions and refer to it as ”the smaller information set always prevails”.

(c) Take expectations of both sides of the results from part (b) to obtain
E[E[Z]X]] = E[E[E[Z|X, Y]|X]]
By the law of iterated expectations, the left-hand side above is E[Z], which establishes the desired result.

Let Y be the length of the piece after we break for the first time. Let X be the length after we break for
the second time.

(a) The law of iterated expectations states that ELX] = E[E[X|Y]], and we have E[X|Y] = ¥ and E[Y] = {.

So then

E[X] = E[E[X|Y]] = E [32/] = %E[Y] = % -

14



(b—a)2

(b) Recall that the variance of a uniform random variable distributed over [a, b] is Since Y is uniformly

distributed over [0,1], we have var [Y] = &, var [X|Y] = ¥>. We know that E X\Y] _and so
Y 1 12
var [E[X|Y] = var [2] ~ )= L

Also,

V2 Ly? 11 [ 12
i XV]) =& |3 | = [ v =357 [ i = g5

If we combine the results we have,

var [X] = E[var [X|Y]] 4 var [E[X|Y]] = e + ﬁ = LIQ
B 36 48 144
4 Finite-sample properties
Exercise 4.1. Assume that X; are i.i.d. with E[X;] = p and var [X;] = 0%. Define the sample average as

X,=1¥" X;withi=1,...,n
(a) Find E[X,,].

(b) Find var [X,,].

(¢) Show that

Solution.

(a) Plug in the sample average into the expectation operator and use the property of linearity,

7112&1 = %ZE[XZ-] =%-nu=u~
i=1 i

(b) Similarly,
var [X,,] = var ZX zn:var[X-]:i-na2:0—2
n? i=1 ol n

Notice, there are no covariance terms due to the fact that data are i.i.d.

(c) First, put the constants out of the expectation and then plug in known expressions from (a) and (b),

g [Yika =] _ g

= TE[(Xn )] ="—(p—m) =0,

and similarly for the variance,

var [\/H(X"_”)} = Dvar[(X,) — 4] = —var[X,] = =2 = 1.

g

Thus, the normalization of X,, in the Central Limit Theorem gives random variables that have the same
mean and variance as the limiting A(0,1) distribution.

Exercise 4.2. Assume that X; ~ N (p,,02) with i = 1,...,n,, Yi ~ N(py,00) withi =1,...,n, and X; 1 Y;.

(a) Find E[X,, — Y,].
(

(c) Find the distribution of X,, —

; I

)

b) Find var [X,, — Y,,].
)
)

(d) Find the distribution of X,, + Y.

15



o~

Ny o2 — _
(e) Find the distribution of S, = =% where 02 = + 3" (X; — X,,)? is the sample variance.
x

o2 nyo?
(f) Find the distribution of a0y Y Y using the following theorem:
(ny =1)az [ (ny = 1)og

Theorem 4.3 (Ratio of x* as F-distribution). Let Z, ~ x3,, Zo ~ x5 where m,p € N and Z, L Zj.

Then p 7
= 22~ F(m,p),
m p

that is, ratio has an F-distribution with m and p degrees of freedom.

Which kind of hypothesis could we test using the statistic above?

Solution.
(a) From Problem 1 we know that

E[Xn - Yn] = Hz — Hy-

(b) By definition and using the results from Problem 1,

var [X,, — Y,] = var [X,,] + var [Y,,] — 2cov [X,,, V;,]

2 2 ng Ny
o o 2
=4 Y _ E E cov [X;, Y]]
Ne My NgNy = =
2 2
A
Ng Ny

due to the fact of the independence,
cov [X,,Y)] = E[X.Y}] - E[X,JE[Y;] = EIX/|E[Y;] — E[X.JE[Y;] = 0.

(¢) From the property of the normal random variables, we conclude that the sum of the independent normal
random variables is normal. Hence, X,, and Y, are both normal. Using the results from (a) and (b) we
conclude that

T Ty

_ _ 2 g2
Xn_YnNN<Nz_NyaZI+y> .
(d) By similar arguments,

_ _ 0'2 02
Xn+ Yo ~ N g + gy, 2+ 2|
Ng Ny
Notice that the sign influences only the expectation, since it is a linear operator.

(e) Here, I omit z indices to simplify the notation. First, rewrite the expression for o2 so that it contains the
true value p. It will be useful later when computing S directly. First, add and subtract p,

@,
Il
—
o
Il
ol
o
Il
—



Hence, we can write

—~ 1 _
ot = (K= ) — (K — o) 1)
Next, denote Z; = ZU £~ N(0,1) to be a standardized random variable. Also, denote its sample average

as .
n
*g Xi—g,u <

Z = S
— o o
2

_ _ 1 _
Because X,, ~ N (,u, U) , it follows that Z,, ~ N (0, — ) and v/nZ,, ~ N(0,1). Squaring both sides and
n n

3\)—‘

using the fact that square of the standardized normal variable is chi-squared with 1 degree of freedom, we
have -
nZy ~xi-

Hence, we have
)

—”U ZZz—nZQ W= Q1.

We know that Z; ~ N(0,1) and its square is Z? ~ x}. Sum of n terms of Z? is then Y | Z2 ~ x2.
Hence, S is distributed as

S=xn—xi~Xa1
under the condition that @, L S.

From (e), we conclude that

~ F(n, — 1,1, —1).
(ne — 1) / (ny — o7~ F e = by =)

2

We can test a hypothesis of the equality of the variances o2 and 05. For example, Hy : o3

H, :0} #0;.

) ;
= o0, against

Exercise 4.4. Suppose that the random variables Y1,...,Y,, satisfy

}/;:5.'151‘—"-61‘, i=1,...,n,

where x1,...,x, are fixed constants, and e1,..., ¢, are i.i.d. AN(0,0%) with 02 unknown.

(a)
(b)
(c)

Show that 3 = S Y;/ 3 #; is an unbiased estimator of §.
Show that 3 = [>.Y;/x;] /n is also an unbiased estimator of £.

Calculate the exact variances of estimators from (a) and (b). Which one would you prefer?

Solution.

(a)

(b)

Plug in the expression of the estimator into the expectation and simplify:
. > Y 1 1
E ElY;] = =— i =
=B | = o SR = o S =

Hence, B is an unbiased estimator of [3.

Similarly,

LB 1
“a2w Tndw P

Hence, 8 is an unbiased estimator of 3.

17



(c) First, we calculate the variance of A,

3  Yi 1 .
varlpl = var [%: xl] - (32 @)? Zvar ¥l = >, z)?2  n?z® nz?

Similarly,

var 3] = var [1 Z Y

n~——x;
K2

To compare the variances, notice that we could compare

AN

2" niey
K3
Because g(u) = 1/u? is convex, using Jensen’s inequality we have
1 1 1
— <2y o
72 " n ; x?

Hence, var [B} < var [B] and 3 should be preferred.

Exercise 4.5. Assume that X1,..., X, are i.i.d. with A'(y,0?). Find a constant ¢ that satisfies E [¢(S?)] = o
where g(S?) = ¢v/52 is the function of the sample variance.
5 Maximum likelihood estimation

Exercise 5.1. A random variable X is said to have a Pareto distribution with parameter 3, denoted as
X ~ Pareto(p), if it is continuously distributed with density

Bxr=B=1  ifx > 1,
0, otherwise.

fx(x;8) —{

A random sample z1,...,zy from the Pareto(8) population is available. Derive the maximum-likelihood esti-
mator of 5. Does it maximize the log-likelihood function?

Solution. By definition and property of the likelihood function,

Bur = arg mgX~CN(5\$1, ., TN)

= arg mﬂaxlogEN(ﬁbcl, C TN

Thus, for our case, log-likelihood function looks like
N
log Ly (Blz1, ..., an) = Y log fx (wi; 8)
i=1
N
=) log(B) — (B + 1) log(x:)
i=1

N
= Nlog(8) — (B+1) D _ log(s).

i=1

To obtain the maximum-likelihood estimator of 3, we take the derivative w.r.t. S and set it to zero,

N
B ML =1

18



From we get
N

~ .
Z log(z;)

To check that BM 1, is indeed the optimum, take the second derivative of the log-likelihood w.r.t. 3,

8% log L N
Posty N,
op B=BmL B

Hence, our estimator maximizes the log-likelihood function.

Burr =

Exercise 5.2. Suppose that the random variables Y1, ...,Y,, satisfy
Yi:ﬁ)xi‘FGiv izla"'a”)

where x1,...,x, are fixed constants, and e1,...,¢, are i.i.d. N(0,0%) with 02 unknown. Find the MLE of £3.
Is it unbiased?

Solution. Fix the value of 2. Write the likelihood function as
32 N ;X 3 N
_ 2\—N/2 2 2 -
N(BIY1,...,YN) = (2707) / exp <—%'2 lez> exp <—M Zlyl + po) ZlYZxJ ,

and taking the logarithm, we obtain the log-likelihood function:

N

N N
1
log Lx (Y3, ., Yiv) =~ log(2m0?) Z RE-ING + 03
= i=1

Taking the first order derivative w.r.t. 8 and setting it to zero, we have

dlog Ly BML e al

From it, we obtain the MLE of 3,

N
Z Yix;

Bur = z:;, .
> af

i=1

To verify that the log-likelihood is indeed maximized, take the second order derivative w.r.t. 3,

0%log Ln 1 & 9
_— = —— - < 0.
8/82 B=Pumr o2 ;wz

To check whether the estimator is biased,

N N
> Y Y Bz Y B

E[Bnz] =E i:;[ = i:1N = ile = f,

2 2 2
2 DI
i=1 i i=1

hence, the ML estimator of 8 is unbiased.

Exercise 5.3. Let x1,...,2y be a random sample from a gamma(«, 3) population.
(a) Find the MLE of 8, assuming « is known.

(b) If @« and § are both unknown, there is no explicit formula for the MLE of «, but the maximum can be
found numerically. How can we use the result in part (a) to reduce the problem to the maximization of a
univariate function?
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Solution.

a) Write the likelihood function as

N N o
04 1 —17 1 — X
La(Blzr,... e Hr e ) | CI
=1

and taking the logarithm,

N
log Ly (8|1, ...,xx5) = —logT(a)Y — Nalog 8 + (o — 1) log [Hmzl -

i=1
Taking the first order derivative w.r.t. 8 and setting to zero, we have
6log£N__Na Zixi_
B Bur B%/[L B
From the expression above, we get the ML estimator of [,
N
D w
. P T
Bur =S— =~
To check that this is a maximum, calculate
0?log L :&_QZME@‘ _ (Na)? B 2(Na)? _ (Na)? <o
0% lp=pur  B? B le=par (Cm)? Oiw)? ()

Because /3’M L is the unique point where the derivative is zero and it is a local maximum, it is a global
maximum. That is, By is the MLE.

Now the likelihood function is

a—1

N
1 — T;
N(a7ﬁ|$17...,$]\7): F(O&)NBNO‘ [szl € 21 L/ﬂa
i=1

the same as in part (a) except a and § are both variables now. There is no closed form for the MLEs
G and B M- One approach to finding &y, and B mr would be to numerically maximize the function
of two arguments. But it is usually best to do as much as possible analytically, first, and perhaps reduce
the complexity of the numerical problem. From part (a), for each fixed value of «, the value of § that
maximizes L(c, B|21,...,2n) is D, #;/Na. Substituting this into the likelihood function, we are left with
one variable «,

N

a—1
1
L(a|zy,...,zN) F(a)N(Zi%‘/NOZ)ND‘ Ll;[l%] e

_ 1 N a—1 o
- D()N (Y, xi/Na)Ne Hmi 2 — max.

i=1

From the problem defined above, we get the ML estimator &j,s;, which can be used to compute B ML-

Exercise 5.4. Let z1,...,2x be a sample from the inverse Gaussian p.d.f.,

A\ Y2 Az —p)?
fX(x’“’)‘)_(was) exp{zu%}, x> 0.

Show that the MLEs of p and A are

R _ 2 N
fivrr =, and Ayp = ———

Y

i=1 """

Hl\r—t
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Exercise 5.5 (Check the support). The independent random variables X7, ..., X have the common distribu-
tion

0, if x <0,
P(X; <z;0,8) = (;) , ifo<a<p,
1, ifz > p.

where the parameters « and 8 are positive. Find the MLEs of « and (.

Solution. First, notice that we are given a cdf function. Hence, before constructing the likelihood function,
we should take the first derivative. In the end we obtain,

['N(O[a /lela cee 7xN) = H Baiax?_l]l[o’m (xl)
=1
N N N a—1 N
() e
=1 =1

Notice that the common approach of finding MLE of § is not suitable, since § is not only the parameter
of the distribution, but also defines the support of the Xi,..., Xy. We can observe that for any fixed «,
Ly (o, pBlxy,...,xn) = 0if 8 < z(y), and Ly (a, B|x1,...,2N) is a decreasing function of 3 if § > 2 (). Thus,
(N 18 the MLE of .

To find the MLE of «, proceed with the standard maximizing approach. Write the log-likelihood as

N N
log Ly (o, Blz1, ..., 2N) = Nlog(a) — Nalog(8) + (o — 1) log (H $Z> + log (H Lo, (xz)>

i=1 i=1

and taking the derivative w.r.t. a and setting to zero, we are left with

dlogLy N al B
P = aay ~ Vlos(8) + ) log(e:) =

Plugging in the MLE of 3, we have

= Z log(x — log(x;).

aJV[L

From it, the MLE of « is
1

N-1N log(z(y)) — log(z;)

Exercise 5.6. Suppose that the random variables Y1, ...,Y,, satisfy

qyr =

}/izﬁxi‘FGia i=1,...,n,
where 21, ..., x, are fixed constants, and €1, ..., €, are i.i.d. N(0, 02) with o2 unknown.

a) Find the MLE of o2.

b) Obtain the Fisher information matrix.

Solution.
a) We have already showed that the log-likelihood function looks like

N

N B2 1 ol B al
logﬁN(5|Y17-~,YN):*glog(%ﬁ)*ﬁz 12727; 7; )

=1
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and that the MLE of S is
N

Z Yix;

=
Bur = —

2
2
i=1

MLE of o2 is found by taking the derivative of w.r.t. 02 and setting it equal to zero. We have

N
Olog L N 1
BN e —— ) (Vi - pa)? =0,
do 202ML 20’4ML i=1

Rearranging and plugging in the MLE of 3, we obtain the MLE of o2,

Z Y 6ML1'1

b) Recall that
N

dlog L al
Og —ag = 522_: QZK%

To construct the Fisher information matrix, we need second order derivatives of the log-likelihood function.

These are
PlogLy = 1 & 2
2 - 2 i
9p S
Plogly N 1 )
W:@*g (Y — Bxy)*,
=1
dlog Ly 1 Y
Bgaor = o1 i~ B
i=1

Taking expectations of those above, we have

9?*log LN ] 1<,

E[ 052 | :_ﬁg%a

p[Plosy] N N N
(002)2 | 20% ot 20%
dlogLn]|

B | mey] ~o

Fisher information matrix is then

Z(B,0%) =

N
2
o Z w0
(; N
204
Exercise 5.7. Let X1,..., Xy are identically and independently distributed as
fx(x,\) = dexp(—Ax).
a) Find the MLE of \.
b) Obtain the Fisher information for A\. Does the information matrix equality hold in this case?

¢) Calculate the MLE of A numerically.
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Solution.

2)

By standard approach, write the likelihood function as

N
£N()\|x1a' .. ,fEN) = Hqu(xM)\)
i=1
N
= H)\exp(—)\xi)
i=1

N
= Mexp (—/\Zm) .
i=1

Log-likelihood function is then
N
log Ly (Az1,...,2x5) = Nlog(\) — )\in.
i=1

MLE of X is obtained by taking the derivative of the log-likelihood w.r.t. A and setting it to zero,

Olog Ly N i
= — Z;.

A e im1

MLE of A is then \ ML = 1/Z. To check whether we are at the optimum, take the second order derivative
of the log-likelihood

2
- lgffN A _S;V <0
ML
The Fisher information is (under regularity conditions)
9?log L
I(\) = -E [aiN] ,

hence we have N
I\ = z

To check whether the Information Matrix Equality holds, we compute the Fisher information using a

different approach:
dlog fx, (@i, )) \*
oA '

By taking the logarithm of the density, we have log f(x,\) = log(\) — Az. Taking the derivative w.r.t. A,
dlog f(z,A) 1

=——-z

OA A

I(\)=N-E

and squaring,

o1 2
osf@ N _ 1 2%
OA A2
From the lecture notes, moments of the random variable X; are E[X;] = 1/\ and var[X;] = 1/A%.

Calculating E[X?] = var [X] + E[X]? = 2/\%, we have

2
pl(2osf@ N 1 2 2 1
oA AZ A2 A2 x2

so altogether,

¢) See the code.
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6 Asymptotic theory
Exercise 6.1. Consider a random variable X with the probability distribution
—N, with probability +,
Xy =40, with probability 1 — %,
N, with probability %
a) Does Xy 5 0as N — +00?
b) Calculate E[Xy] and var [Xy]|. Now suppose that the distribution is

0, with probability 1 — &,
XN = . o1s 1
N, with probability %,

and calculate E[X n].

¢) Ts it true that if Xy % 0 as N — 400, then E[Xy] — 07

Solution.

a) For any § > 0,

2
B(IXy - 0] <) =1- .

Thus,
. . 2
i Bl <0) = i (12 T) =1

o0

2 2

b) EXny]=-N-%+40-(1—2%)+ N4 =-1+41=0. The variance is var [Xy] = I + I = 2N.
In this case, we have that
1
E[XN]:O—i—N-N:l.

¢) And similarly, as in the task a)

. . . 1
Jim P(Xy —0[ <) = lim P(Xy| <d)= lim_ (1 - N) =1

In the first case, we saw that
Xy B 0and E[Xy] =0,

and in the second,
Xy B 0and E[Xy] = 1.

Thus, we conclude that Xy = 0 as N — +oo and E[Xy] — 0 are unrelated.

Exercise 6.2. Assume having a random variable Y and a random sample y1, ..., yx. Which statistics converge
in probability by the Weak Law of Large Numbers (WLLN) and Continuous Mapping Theorem (CLT)? Existence
of which moments do we need to assume?

1 XN
a) NZ%Q
=1

1N
3
b) N;yz

¢) Maxi<i<n Yi-

1< L&Y
B v i A
v (v)
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Solution.

a) Yes. Assuming E[Y?] < o

b) Yes. Assuming E[Y?3] < oo
N
1 ,WLLN
Nzyff’ = E[Y?).
i=1
¢) Not in general. In Problem 4, we will find the probability limit for the minimum of uniform random

variables, and similar holds for the maximum. Notice that for other distributions, this does not need to
hold.

d) Yes. Assuming E[Y?] < oo, we get

%Z%Q - %Zyz £>]E[Y2] —E[Y]? = var[Y].

Nyl Nl
p, WLLN]E[YQ] p,W_}LLNE[Y]
»OMTL E[Y]2

e) Yes. Assuming E[Y?] < co and E[Y] # 0, we have

al WLLN 1 N WLLN
2 : 2 P, 2 z : D,
- Y an N . ],

hence,

f) No. Indicator function is not continuous.

Exercise 6.3. Take a random sample z1,...,zy, where X > 0. Consider the sample geometric mean

(i)

= exp (Eflog(X)]) .

and a population geometric mean

Assuming p is finite, show that
Ny
i = p.
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Solution. First, we have to take the logarithm log(ji), so that we can apply WLLN. WLLN assumes existence
and E[log(X)] < oo. Hence, for WLLN to work, we must assume E[log(X)] < co. Since X > 0, the expectation
exists, and we can apply WLLN,

N
1 JWLLN
NZlog(xi) P Ellog(X).
i=1

Now, apply the exponential transformation g(z) = exp(z) and CMT to get u on the right. CMT requires for
g(x) to be continuous which is clearly satisfied. Therefore,

N
exp (;I > log(xi)> B exp (Ellog(X))) = p.

Exercise 6.4. Let X1, Xs,... be a sequence of i.i.d. #(0,1) random variables. Define the sequence Yy as
YN = min(Xl,...,XN).

Show that Yy 2 0as N — oo.

Solution. Cumulative distribution function of the uniformly distributed variable is

0, =<0,
Fxy=4xz, 0<z<1,
1, x>1.

Further, for 0 <y <1 we calculate

Fyy(y) =P(Yn <)
—1-P(Yy > )
—1-P(X;>y,...., XN >Y)
=1-PX;>y)-...-P(Xy >y)
— 1= (1= Fy, () (1 - Fx, ()

=1-(1-y".
Hence, we have
0, y <0,
Fyy)=q1-(01-y»" 0<y<l,
1, y > 1.

To show that Yy = 0, we need to show by definition that

lim P(|Yy| > 6) =0, V3 > 0.
N—o0

Since Yy > 0, it is sufficient to show that

lim P(Yy > 68) =0, V5 > 0.

N—o0

For § > 0, we have that

P(YN > 5) =1 —P(YN < (5)

=1-P(Yy <9)
=1-Fy, (6)
=(1-0)N.
As a result,
. o _o\N
Jim P([Yy[>0) = lim (1-94)

=0.
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Exercise 6.5. Suppose X1, Xo,... are i.i.d. with mean and variance p and 2. Consider

XN
A2 _ w2
6° = N;:l(Xz Xn)%,

where Xy = & Zfil X;. Show that 62 % 02 as N — oo.

Solution. By WLLN, we have

N | X
Z(Xi —u)? 5 6% and ZXi 5.
i=1

i=1

2=

Recall, we have derived before
N
) 1 2 e 2
JZZN;(Xi—u) —(Xny —p)°.
Using CMT we have that (Xy — x)2 2 0. By WLLN, we have

(TR (2)

Since f(z,y) = x — y is continuous, by applying CMT, we have

7 Generalized method of moments

Exercise 7.1. Let X;,..., Xy beii.d. with finite forth moment. Let Xy and X2y be the sample averages of
X and X? respectively. Find constants a and b and function ¢(N), such that the vector sequence

XN —a
c(N) ( X2y — b>
converges to a nontrivial distribution, and determine this limiting distribution. Derive the asymptotic distribu-
tion of the sample variance 6% = + Zf\il(Xi — Xx)? using the delta method.

Solution. According to WLLN, Xy 5 E[X] and X2y & E[X?]. Hence, a = E[X] and b = E[X?].
According to the CLT, ¢(N) must be v/N. Thus, we get the following asymptotic distribution,

/¥ (s Zaivn) SV () (v “erii )

By definition, 02 = var [X] = E[X?] — E[X]2. Now, we define
Uy _ 2
o(() et

(—2u1 1)

so we have
dg

G= ——
8(u1 ’U,g)

(—2E[X] 1).

w1 =E[X],us=E[X 2] - w1 =E[X],us=E[X 2] -

Finally, we have

VN2 - 0%) % N(0,GVG),

where
r var [X] cov [X, X?]\ (—2E[X]
GVG' = (—2E[X] 1) <COV X, X7 var[X7] 1
= var [X?] — 4E[X]cov [X, X?] + 4E[X]?var [X].

Exercise 7.2. Denote by &arpr and ﬁMM the method-of-moments (MM) estimators of o and 8 parameters
apmm

). How can we obtain the
Brm

of the gamma distribution. Derive the asymptotic distribution of Oring = (

asymptotic distribution using the delta method?
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Using the theorem,

Solution.
VN (Oarar — b0) > N (0, Mg ToMy),
where
9 -1
My = < [Wm(X“ 90)}> and Ty = var [m(X;; 6p)].

From the lecture notes, for

X, — %

m = ng . a((;;ﬁ—l)

it holds that E[m(X;; o, 8)] = (0 0)/. MM estimators are

i = Sm e

Now, let’s determine the expression for the asymptotic variance-covariance matrix. First

Yo = var | Xz,a,ﬁ E[m(X;; a, B)m(X;; a, 8)']
2
a L« 2 a(atl)
B) (xi-3) (x i )
X2 a(cﬂvjl)) (XZ2 _ a(ng)
i BX)E (X~ E[X) (X2~ E[XZ)
( X2 E[X?]) (Xi — E[Xi]?)
var | cov [ X, X?]
cov [ X, X2 var [X?]
and second,
78 m(Xi; o, B) = _% 2 %1 .
(@ p) rE — 2041 Zaladl)
After inverting , we have
64 2a(a3+1) _%
Mo = —— 2£+1 f .
B2 B

To derive the asymptotic distribution using the Delta method, define
u o
1 I —
()= (22)
uzful

and proceed as in the Problem 1.
Xy be iid. random variables with fx,(x;\) = Aexp(—Azx).

Exercise 7.3. Let Xq,...,
) Recall the MLE for A, derive its asymptotic distribution and the confidence interval for Apsp,

b) Derive the MM estimator for A and its asymptotic distribution

Solution.
) Previously, we have derived that
< 1
Amr = bd
and
1
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Using the result from the lectures, we obtain the asymptotic distribution of the MLE,

VNG =N % N0,7(0),

. A2
AL AN <)\, ) .

and for our case,

N

To obtain the confidence interval, first, we should compute standard errors. For our case,

. Y 1
se(Anr) = %L = T

Distribution of the statistic (inversion of which would lead us to the confidence interval) is obtained as

duap=A g ZA _ gdain A VR gy g

-~  _ — Ai 2 —
se()\ML) /)‘?\4L \/)\ )\2
i/\/(o,l) BN

Denoting the quantile of the standard normal distribution as qfi(g’/lz) , we have

N(O1) Avz — A < N0

—q —a = < =~q —a/2?
1=a/2 = ) 1—a/2
—Qﬁ(g’/IQ)SG(S\ML) < Amr — A < qfi(g’/lz)SG(S\ML)’
N(0,1) N(0,1)

Aner — Gi_ay2 se(Anr) <A< A+ Gi_ay2 se(Anrr).
Hence, the confidence interval with the level of significance « is
CL.(\) = |Aur — in(g’/lg)se(j\ML), Az + qfi(g’/lg)se(j\ML) .

Recall that E[X;] = {. Thus, we define the moment function as

1

A )

so that E[m(X;; A)] = 0. The MM estimator is a solution to the equation

m(X;\) =X, —

From , we have

The asymptotic distribution of A ms is calculated as follows: first, calculate Mg as

0 1
am(x’u >\) - Fv

-Gl

The matrix of moment function variance is obtained as

hence,

Yo = var [m(X;; \)] = var [Xi - i] = var [X] = —.

Finally, we have
VNarar — A) 5 N(0,2).
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8 Introduction to the linear regression

Exercise 8.1. Let Y be a random variable that denotes the number of dots obtained when a fair six sided die
is rolled. Let
o {Y, if Y is even,

0, if Y is odd.
(a) Find the joint distribution of (;ﬁ)

(b) Find the optimal predictor of ¥ given X.

(¢) Find the optimal linear predictor.

Solution.

a) Realizations of Y are {1,2,3,4,5,6}. Realizations of X are {0,2,0,4,0,6}, respectively. Probability of
having each of the realizations is p = %. Hence, the joint distribution is

» D=

/N
=
N———
|
S O Ut O ke WO NN N O
bS] i bS] i
I Il Il Il
[N <= <N o= <=

[N

b) According to the Theorem 1, the optimal predictor is the CEF, or E[Y|X]. Because we know the joint
distribution, we can compute the CEF directly. Hence,

E[Y|X] =

S Ao W
\

, * =06.

c) The optimal linear predictor is given by p,(X;) = 8§ + 57 Xi, where

*
(g&) carg min E[(Y;— B — 51X;)?]. (6)
i Bo\ g
B
By solving @, we obtain expressions for coefficients, that is,
* 1 % ) *_COV[XiaYi]
50 - ]E[Y;] ﬁlE[X’L]’ Bl - var [XZ] (7)

First, let us compute the covariance. That is,

cov[X,Y] = E[XY] — E[X]E[Y]



The variance is then

var[X] = E[X?] - (E[X])?
_2§_y_}§
3 3

By plugging in the results into 1) we get B = % and A7 = %. The optimal linear predictor is

21 7
py(Xi) = i T6Xi'

Exercise 8.2. Answer the following questions as true or false and elaborate on your answer.

(a)

(b)

(d)

Consider a sample {z;}, whose observations are all drawn from and identical random variable X with

finite moments. For E[X] = E[X] to hold, where X = N~! vazl X is the sample mean, this sample must
be random (i.i.d.).

Consider a univariate random (i.i.d.) sample {X;,...,Xy}. The random variable X from which the
sample is drawn has mean and variance denoted as E[X] and var [X] respectively. Consider the following
statistic S*, which is a variation of the sample variance S2,

1

N
St = Z(Xz' —E[X])*.

=|

It turns out that E[S*] = var [X].

Consider two random (i.i.d.) samples {z;} ¥ and {y;}~*. The first sample is drawn from a normally
distributed random variable X ~ N(ux,o%), while the second sample is drawn from another normally
distributed random variable Y ~ N(puy,0%). To test that the scale parameters of the two distributions
are equal (Hy : 0% = o) one can use the F-statistic:

S% /o3
F = X/I'YX
Sy /0%

and this is possible if the two samples have different size, i.e. Nx # Ny.

Consider a random (i.i.d.) sample {z;}}¥; whose observations are drawn from some random variable X.

Suppose that the Weak Law of Large Numbers applies: X5 E[X]. It follows that X o E[X], i.e. the
sample mean X converges in quadratic mean to E[X].

Exercise 8.3. Consider a linear regression model with K regressors arranged in a vector x;,

ElY;|zi] = 280 = Bo = E[wz}] ' E[2;Y].

Via the Continuous Mapping Theorem, prove the following asymptotic property about the average Total Sum
of Squares (TSS),

1 1 1
26 = wee = ' My 5 E[Y?] - E[Yilfo].
=1
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